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ON SELMER GROUPS AND FACTORING p-ADIC L-FUNCTIONS
BHARATHWAJ PALVANNAN
Abstract. Samit Dasgupta has proved a formula factoring a certain restriction of a 3-variable
Rankin-Selberg p-adic L-function as a product of a 2-variable p-adic L-function related to the ad-
joint representation of a Hida family and a Kubota-Leopoldt p-adic L-function. We prove a result
involving Selmer groups that along with Dasgupta’s result is consistent with the main conjectures
associated to the 4-dimensional representation (to which the 3-variable p-adic L-function is associ-
ated), the 3-dimensional representation (to which the 2-variable p-adic L-function is associated) and
the 1-dimensional representation (to which the Kubota-Leopoldt p-adic L-function is associated).
Under certain additional hypotheses, we indicate how one can use work of Urban to deduce main
conjectures for the 3-dimensional representation and the 4-dimensional representation. One key
technical input to our methods is studying the behavior of Selmer groups under specialization.
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Motivation : Results of Gross and Greenberg
The purpose of this paper is to prove a result involving Selmer groups, predicted by the Iwasawa
main conjectures, corresponding to a factorization formula involving p-adic L-functions obtained
by Dasgupta in [5]. Dasgupta’s method of proof is based on an earlier work of Gross [17] in 1980.
Gross’s work involved factoring a certain restriction of a 2-variable p-adic L-function associated to
an imaginary quadratic field (constructed by Katz) into a product of two Kubota-Leopoldt p-adic
L-functions. In 1982, Greenberg [8] proved the corresponding result on the algebraic side involving
classical Iwasawa modules, as predicted by the main conjectures for imaginary quadratic fields and
Q. These results provided evidence for the main conjecture for imaginary quadratic fields (before
Rubin’s proof in [35]). Our methods are inspired by this work of Greenberg. We will briefly recall
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the results of Gross and Greenberg.
From the outset we would like to inform the reader that we will formulate the main conjectures
throughout this paper in terms of primitive p-adic L-functions and non-primitive Selmer groups. As
a result, though the earlier formulations of the main conjecture involved classical Iwasawa modules
on the algebraic side, we will restate Greenberg’s results in terms of non-primitive Selmer groups
so that it will be helpful in placing Dasgupta’s factorization of primitive p-adic L-functions and our
results involving non-primitive Selmer groups in the context of main conjectures1. To relate our
formulation to the formulation of the main conjecture by Greenberg in [10] (that involves primitive
p-adic L-functions and primitive Selmer groups) we refer the reader to Section 5. In that section,
we evaluate the difference in the divisors associated to the non-primitive Selmer group and the
primitive Selmer group. Let p ≥ 5 be a prime number. We shall also fix algebraic closures Q,
Qp of Q, Qp respectively and embeddings Q →֒ Qp and Q →֒ C. Let O denote the ring of inte-
gers in a finite extension of Qp. We let χp : Gal(Q/Q)→ Z×p denote the p-adic cyclotomic character.
Let K be an imaginary quadratic field where p splits and whose associated quadratic character
is given by ε : Gal(Q/Q) → {±1}. Let K˜∞ denote the composite of the Zp-extensions of K. Let
Q∞ and K∞ denote the cyclotomic Zp extensions of Q and K respectively. We have the following
picture in mind:
Q
KQ∞
K∞
K˜∞ GQ := Gal(Q/Q), GK := Gal(Q/K)
Γ˜ := Gal(K˜∞/K) ∼= Z2p
Γ := Gal(Q∞/Q) ∼= Gal(K∞/K) ∼= Zp
κ˜ : GK ։ Γ˜ →֒ O[[Γ˜]]×, κ : GQ ։ Γ →֒ O[[Γ]]×Γ
Γ˜
Let ψ : GQ → O× be a finite even continuous character. We shall denote the restriction of ψ to
GK by ψK . We shall introduce the three Galois representations that occur in the setup of Gross’s
factorization along with the primitive p-adic L-functions and the non-primitive Selmer groups as-
sociated to them. We shall not make any attempt to precisely define these objects2. Note that the
Selmer groups appearing in these main conjectures can be linked to classical Iwasawa modules. See
Greenberg’s work on p-adic Artin L-functions [13] for a description of the link.
(A) The 2-dimensional representation IndQK
(
ψK κ˜
−1
)
: GQ → GL2
(
O[[Γ˜]]
)
.
The main conjecture associated to this two dimensional representation (now known due to work
of Rubin [35]) predicts the following equality of ideals in O[[Γ˜]]:
(hψKαψK κ˜−1) = Char
(
SelΣ0
IndQ
K
(ψK κ˜−1)
(Q)∨
)
.(MC−K)
Katz [26] has constructed a two-variable p-adic L-function θψK κ˜−1 in OCp [[Γ˜]]. Here OCp is the ring
of integers in Cp, and αψK κ˜−1 is an element in O[[Γ˜]] that generates the ideal (θψK κ˜−1) in OCp [[Γ˜]].
The element hψK (in the ring O[[Γ˜]]) is an “error term” that keeps track of the local Euler factors
1Our description in the introduction indicates that one should be able to place the results of Gross and Greenberg
along with results of Dasgupta and ours under a general framework. We, however, do not intend to develop such a
general framework in this paper, instead leaving the generalities to the interested reader.
2The primitive and the non-primitive Selmer groups will be precisely defined in Section 1.
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away from p. The characteristic ideal associated to the Pontryagin dual of the non-primitive Selmer
group in O[[Γ˜]] is denoted by Char
(
SelΣ0
IndQ
K
(ψK κ˜−1)
(Q)∨
)
.
(B) The even character ψκ−1 : GQ → GL1(O[[Γ]]).
(C) The odd character ψεκ−1 : GQ → GL1(O[[Γ]]).
The main conjectures associated to ψκ−1 and ψεκ−1 predict the following equalities of ideals in
O[[Γ]] (now known due to Mazur-Wiles [31]):
(hψκ−1θψκ−1) = Char
(
SelΣ0
ψκ−1
(Q)∨
)
, (hψεκ−1θψεκ−1) = Char
(
SelΣ0
ψεκ−1
(Q)∨
)
.(MC−Q)
The p-adic L-functions θψκ−1 and θψεκ−1 , associated to ψκ
−1 and ψεκ−1, respectively are in the
fraction field of O[[Γ]] and their construction is essentially due to Kubota and Leopoldt [27]. Note
that one can relate the p-adic L-function θψεκ−1 associated to the odd character to another p-adic
L-function associated to the even character ψ−1ε−1κχp. The elements hψκ−1 and hψεκ−1 (in the
ring O[[Γ]]) are “error terms” that keep track of the local Euler factors away from p and certain
poles of the p-adic L-functions. The characteristic ideals in O[[Γ]] associated to Pontryagin duals
of the non-primitive Selmer groups are denoted by Char
(
SelΣ0
ψκ−1
(Q)∨
)
and Char
(
SelΣ0
ψεκ−1
(Q)∨
)
.
The surjection Γ˜ ։ Γ of Galois groups gives us ring maps O[[Γ˜]] → O[[Γ]] and OCp [[Γ˜]] →
OCp [[Γ]]. Abusing notations, we shall denote all of these maps by π2,1. We have the following
decomposition of Galois representations:
π2,1 ◦ IndQK
(
ψK κ˜
−1
) ∼= ψκ−1 ⊕ ψεκ−1.(1)
Informally, one can think of the map π2,1 as setting the “anti-cyclotomic” variable to equal zero.
As an interesting manifestation of the decomposition of Galois representations in (1), we have the
following theorem due to Gross and unpublished work of Greenberg-Lundell-Zhang (Gross only
considers the case when the conductor of ψ is a power of p):
Theorem I (Gross [17], Greenberg-Lundell-Zhang [15]). π2,1
(
θψK κ˜−1
)
= θψκ−1θψεκ−1.
Implicit in [8] is the following theorem on the algebraic side:
Theorem II (Greenberg [8]). We have the following equality of ideals in O[[Γ]]:
Char
(
SelΣ0
π2,1◦Ind
Q
K
(ψK κ˜−1)
(Q)∨
)
= Char
(
SelΣ0
ψκ−1
(Q)∨
)
· Char
(
SelΣ0
ψεκ−1
(Q)∨
)
.
There is no main conjecture associated to the Galois representation π2,1 ◦ IndQK
(
ψK κ˜
−1
)
as it
does not satisfy the “Panchishkin condition”3. So, one can ask the following question: How are
Theorem I and Theorem II related to the main conjectures MC−K and MC−Q? This is answered
by the following result of Greenberg, described in Pages 283 and 284 of [8]:
Theorem III (Greenberg [8]). Suppose MC−K holds. We have the following equality of ideals in
O[[Γ]]:
Char
(
SelΣ0
π2,1◦Ind
Q
K
(ψK κ˜−1)
(Q)∨
)
=
(
π2,1
(
αψK κ˜−1
)
hψκ−1hψεκ−1
)
.(2)
Greenberg observed that ifMC−Q held, we would have had the following equality of ideals inO[[Γ]]:
Char
(
SelΣ0
ψκ−1
(Q)∨
)
Char
(
SelΣ0
ψεκ−1
(Q)∨
)
= (θψκ−1θψεκ−1hψκ−1hψεκ−1).(3)
3The Panchishkin condition is a kind of “ordinariness” assumption, introduced by Greenberg, while formulating
the Iwasawa main conjecture for Galois deformations. See Section 4 in [10] for the precise definition.
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Having assumed the validity of the main conjecture MC−K, equation (2) along with Theorem
I and Theorem II showed that equation (3) also held true. It is in this manner that Theorem
III ascertained that Theorem I and Theorem II were completely consistent with the various main
conjectures. In our setup, Dasgupta’s factorization (Theorem 1) is an analog of Theorem I, while
Theorem 2 is an analog of Theorem II. Just as Theorem III was used to relate Theorem I and
Theorem II to several main conjectures, we will use Theorem 3 to relate Theorem 1 and Theorem
2 to several main conjectures.
Main results related to Dasgupta’s factorization
Let F =
∑∞
n=1 an(F )q
n ∈ R[[q]] be a Hida family. The ring R is an integrally closed local domain
and a finite integral extension of Zp[[x]], where x denotes the “weight variable” for F . The ring R is
the normalization of an irreducible component of Hida’s (ordinary, primitive) Hecke algebra. The
element ap(F ) is a unit in the local ring R. Let Σ be a finite set of primes in Q containing p, ∞,
all the primes dividing the level of F and a non-archimedean prime l 6= p. Let Σ0 = Σ \ {p}. Let
GΣ equal Gal(QΣ/Q), where QΣ is the maximal extension of Q unramified outside Σ. Suppose F
satisfies the following hypotheses:
IRR The residual representation associated to F is absolutely irreducible.
p-Dis The restriction of the residual representation to the decomposition subgroup at p (which
is reducible) has non-scalar semi-simplification.
Let ρF : GΣ → GL2(R) be the Galois representation associated to F . Let LF be the free R-module
of rank 2 on which GΣ acts to let us obtain ρF . Without loss of generality, we shall suppose that the
ring O equals the integral closure of Zp in R. We let T equal the completed tensor product R⊗̂R.
The completed tensor product is the co-product in the category of complete semi-local Noetherian
O-algebras (where the morphisms are continuous). The ring T is a complete integrally closed local
domain and a finite integral extension of Zp[[x1, x2]], where x1 and x2 are identified with the “weight
variables”. The completed tensor product T comes equipped with two natural maps i1 : R→ T and
i2 : R→ T . We have a 4-dimensional Galois representation
ρF,F : GΣ → GL4(T ).
given by the action of GΣ on HomT (LF ⊗i1 T, LF ⊗i2 T ), which we denote by LF,F , and which is a
free T -module of rank 4. We have a natural map πF,F : T → R obtained by sending an elementary
tensor a ⊗ b to ab. The map πF,F is a surjective O-algebra homomorphism. Under this map, we
have πF,F (x1) = x and πF,F (x2) = x. Informally, we can think of this map as setting the two
“weight variables” to equal each other. Composing ρF,F with πF,F gives us the following Galois
representation:
πF,F ◦ ρF,F : GΣ ρF,F−−−→ GL4(T ) π−→ GL4(R).
We have the following decomposition of Galois representations:
πF,F ◦ ρF,F︸ ︷︷ ︸
Action of GΣ
on M2(R)
by conjugation via ρF
∼= Ad0(ρF )︸ ︷︷ ︸
Action of GΣ
on the trace-zero matrices
in M2(R)
by conjugation via ρF
⊕ 1︸︷︷︸
Trivial action of GΣ
on the scalar matrices
in M2(R)
.(4)
Consider a (finite order) Dirichlet character χ : GΣ → O×. To a Galois representation ̺ : GΣ →
GLd(R), we shall associate a d-dimensional Galois representation ̺ ⊗ κ−1 : GΣ → GLd(R[[Γ]])
(which is related to the cyclotomic deformation of ̺). The Galois representation ̺ ⊗ κ−1 will be
defined in Section 1. We shall introduce the Galois representations that appear in Dasgupta’s
factorization. Note that there are two numbers in the subscripts appearing in the labels for the
various Galois representations below. The first number (in boldface) represents the dimension of
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the Galois representation while the second number (not in boldface) is a number one less than
the Krull dimension of the underlying ring over which the corresponding Galois representation is
defined. This second number is also often referred to as the number of variables in the correspond-
ing p-adic L-function. We would like to explicitly state that all the p-adic L-functions mentioned
here are primitive. We will formulate the main conjectures relating primitive p-adic L-functions
and non-primitive Selmer groups. In this paper, the primitive Selmer groups are mentioned only
in Section 1 (where they are defined along with the non-primitive Selmer groups) and Section 5
(where the differences in the divisors associated to the primitive and non-primitive Selmer groups
are calculated). The non-primitive Selmer groups are defined, just as the primitive Selmer groups,
as the kernel of a “global-to-local” map except that we omit the local conditions at primes ν ∈ Σ0.
We prefer working with non-primitive Selmer groups since it is easier to establish that they satisfy
better algebraic properties.
The 4-dimensional representation Let ρ4,3 : GΣ → GL4(T [[Γ]]) be the 4-dimensional Galois
representation given by ρF,F (χ) ⊗ κ−1. See [21] and [5] for the properties that the primitive 3-
variable p-adic L-function θ4,3, associated to ρ4,3, satisfies. The p-adic L-function θ4,3 is an element
of the fraction field of T [[Γ]]. For θ4,3, we can vary two weight variables and one cyclotomic variable.
We can also associate a non-primitive Selmer group SelΣ0ρ4,3(Q) to ρ4,3.
The 3-dimensional representation We have the 3-dimensional trace-zero adjoint representa-
tion Ad0(ρF ) : GΣ → GL3(R). We let ρ3,2 = Ad0(ρF )(χ)⊗ κ−1. See [22] and [5] for the properties
that the 2-variable primitive p-adic L-function θ3,2, associated to ρ3,2, satisfies. The p-adic L-
function θ3,2 is an element of the fraction field of R[[Γ]]. For θ3,2, we can vary one weight variable
and one cyclotomic variable. We can also associate a non-primtive Selmer group SelΣ0ρ3,2(Q) to ρ3,2.
The 1-dimensional representation We let the Galois representation ρ1,2 : GΣ → GL1(R[[Γ]])
equal χ ⊗ κ−1. We have a one variable p-adic L-function θ1,1 (due to [27]) in the fraction field of
O[[Γ]]. We let θ1,2 denote the image of θ1,1 under the natural inclusion O[[Γ]] →֒ R[[Γ]]. For θ1,2, we
can vary the cyclotomic variable while it is constant in the weight variable. We can also associate
a non-primitive Selmer group SelΣ0ρ1,2(Q) to ρ1,2.
The map πF,F induces a surjective O[[Γ]]-algebra homomorphism π : T [[Γ]] → R[[Γ]]. Equation
(4) gives us the following isomorphism:
π ◦ ρ4,3 ∼= ρ3,2 ⊕ ρ1,2.(5)
We will also associate a non-primitive Selmer group SelΣ0π◦ρ4,3(Q) to the Galois representation π◦ρ4,3.
The decomposition in (5) exhibits an interesting phenomenon involving p-adic L-functions and
Selmer groups. We have the following theorem due to Dasgupta (which was originally conjectured
by Citro [4]):
Theorem 1 (Dasgupta [5]). π(θ4,3) = θ3,2 · θ1,2.
The differences between non-primitive Selmer groups and primitive Selmer groups have been
studied systematically in Section 3 of [12]. For the cases we are interested in, these differences can
be evaluated explicitly (see Proposition 5.1) in terms of certain local factors at primes ν ∈ Σ0 (which
are given below).
Loc(ν, ρ4,3) := H
1(Iν ,Dρ4,3)
Γν , Loc(ν, π ◦ ρ4,3) := H1(Iν ,Dπ◦ρ4,3)Γν ,
Loc(ν, ρ3,2) := H
1(Iν ,Dρ3,2)
Γν , Loc(ν, ρ1,2) := H
1(Iν ,Dρ1,2)
Γν .
Here, Iν is the inertia subgroup insideGal(Qν/Qν) and Γν is defined to be the quotient Gal(Qν/Qν)/Iν .
The discrete modules Dρ4,3 , Dρ3,2 , Dρ1,2 and Dπ◦ρ4,3 associated to ρ4,3, ρ3,2, ρ1,2 and π ◦ ρ4,3 will be
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defined in Section 1.
Note that M∨ will denote the Pontryagin dual of a module M over a profinite ring. Let us label
a hypothesis that we shall invoke frequently.
AD− TOR SelΣ0ρ3,2(Q)∨ is a torsion R[[Γ]]-module.
Theorem 2. The hypothesis AD− TOR holds if and only if SelΣ0π◦ρ4,3(Q)∨ is a torsion R[[Γ]]-
module. If AD− TOR holds, we have the following equality in the divisor group4 of R[[Γ]] relating
the non-primitive Selmer groups:
Div
(
SelΣ0π◦ρ4,3(Q)
∨
)
= Div
(
SelΣ0ρ3,2(Q)
∨
)
+Div
(
SelΣ0ρ1,2(Q)
∨
)
.
We also have the following decomposition of local factors away from p:
Loc(ν, π ◦ ρ4,3) ∼= Loc(ν, ρ3,2)⊕ Loc(ν, ρ1,2), for all ν ∈ Σ0.
The difficulty in establishing Theorem 1 arises due to the fact that the ring homomorphism π
lies outside the critical range for ρ4,3. That is, the p-adic L-function θ4,3 satisfies an “interpolation
property” at various critical specializations ϕ ∈ Homcont(T [[Γ]],Qp). And for every such critical
specialization, we have ker(π) 6⊂ ker(ϕ). As a result, there is no main conjecture associated to the
Galois representation π ◦ ρ4,3 as it does not satisfy the “Panchishkin condition”.
This leads us to the following questions: How are Theorem 1 and Theorem 2 related to the
main conjectures? And, what is the relationship between SelΣ0π◦ρ4,3(Q) and π(θ4,3)? The purpose of
proving Theorem 3 is to answer these questions and hence to ascertain that Theorem 1 and Theorem
2 are completely consistent with the main conjectures for ρ4,3, ρ3,2 and ρ1,2.
Theorem 3. SelΣ0π◦ρ4,3(Q)
∨ is a torsion R[[Γ]]-module if and only if the height one prime ideal ker(π)
in T [[Γ]] does not belong to the support of SelΣ0ρ4,3(Q)
∨.
Suppose SelΣ0π◦ρ4,3(Q)
∨ is a torsion R[[Γ]]-module. Also, suppose we have the following inequality
in the divisor group of T [[Γ]]:
Div (θ4,3) +
∑
ν∈Σ0
Div
(
Loc(ν, ρ4,3)
∨
) ≥ Div (SelΣ0ρ4,3(Q)∨)−Div (H0(GΣ,Dρ4,3)∨) .(ES)
Then, we have the following inequality in the divisor group of R[[Γ]]:
Div (π(θ4,3)) +
∑
ν∈Σ0
Div (Loc(ν, π ◦ ρ4,3)∨) ≥ Div
(
SelΣ0π◦ρ4,3(Q)
∨
)
−Div (H0(GΣ, Dπ◦ρ4,3)∨) .(6)
Furthermore, if the divisor Div
(
SelΣ0ρ4,3(Q)
∨
)
−Div (H0(GΣ,Dρ4,3)∨) generates a torsion element
in the divisor class group of T [[Γ]], then equality holds in (ES) if and only if equality holds in (6).
By Proposition 5.6 and Proposition 5.7, for each prime ν ∈ Σ0, the divisor Div (Loc(ν, π ◦ ρ4,3)∨)
in T [[Γ]] is principal. As a result, note that if equality holds in ES, then Theorem 3 lets us deduce
that equality holds in (6) as well.
4We refer the reader to the end of the introduction where various terminologies used in the paper are explained,
including the Pontryagin dual of a module, the divisor group and the divisor class group of an integrally closed domain
R. If R is an integrally closed domain, we also associate to a finitely generated torsion R-module and to a non-zero
element of R, an element of its divisor group.
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The results of Theorem III and Theorem 3 fall under the topic of “specializations” of Selmer
groups. Though Theorem 3 is an analog of Theorem III, it is more difficult to prove Theorem 3
since we allow the ring R to be fairly general. See Example 2.1 and Example 2.3 which illustrate some
of the difficulties that one encounters in the general case. The main difficulty that one encounters,
is that, the kernel of the specialization map π is no longer known to be a principal ideal. As a
result, even though one is interested in a result (such as the one in equation (6)) involving the
height one prime ideals of the ring R[[Γ]], one is forced to consider the localizations of the ring
T [[Γ]] at height two prime ideals containing ker(π) (note that ker(π) itself is a height one prime
ideal in the ring T [[Γ]]). The main novelty of our work, described in Section 2, is to address this
question on (height one) specializations of Selmer groups from a general perspective. When the ring
R is a regular local ring, Theorem 3 is easier to prove. Another interesting point to note is that,
if we had results asserting the vanishing of the µ-invariant for the Selmer group associated to the
cyclotomic deformation of twists of the adjoint representation of a cusp form, Theorem 3 would be
easier to prove. We, however, do not place these restrictions.
Relation to the main conjectures
We will recall the main conjectures stated in [10] but formulate it in terms of non-primitive Selmer
groups, the local factors at primes ν ∈ Σ0 and the primitive p-adic L-function. Note that the main
conjecture is known for ρ1,2 due to work of [31]. We have the following equality in the divisor group
of R[[Γ]]:
Div (θ1,2) +
∑
ν∈Σ0
Div (Loc(ν, ρ1,2)
∨) = Div
(
SelΣ0ρ1,2(Q)
∨
)
−Div (H0(GΣ, Dρ1,2)∨) .(MC-ρ1,2)
First assume that AD− TOR holds. Proposition 5.1 will allow us to also write the main con-
jectures for ρ4,3 and ρ3,2 in terms of non-primitive Selmer groups. The main conjecture for ρ4,3
predicts the following equality in the divisor group of T [[Γ]]:
Div (θ4,3) +
∑
ν∈Σ0
Div (Loc(ν, ρ4,3)
∨)
?
= Div
(
SelΣ0ρ4,3(Q)
∨
)
−Div (H0(GΣ, Dρ4,3)∨) .(MC-ρ4,3)
The main conjecture for ρ3,2 predicts the following equality in the divisor group of R[[Γ]]:
Div (θ3,2) +
∑
ν∈Σ0
Div (Loc(ν, ρ3,2)
∨)
?
= Div
(
SelΣ0ρ3,2(Q)
∨
)
−Div (H0(GΣ, Dρ3,2)∨) .(MC-ρ3,2)
We expect the inequality in ES to follow from the recent work of Lei-Loeffler-Zerbes [28] on Euler
systems. Suppose ES does hold. Combining Theorem 1, Theorem 2, Theorem 3 and MC-ρ1,2, we
obtain the following inequality in the divisor group of R[[Γ]]:
Div (θ3,2) +
∑
ν∈Σ0
Div
(
Loc(ν, ρ3,2)
∨
) ≥ Div (SelΣ0ρ3,2(Q)∨)−Div (H0(GΣ,Dρ3,2)∨) .
Under certain additional hypotheses mentioned in a work of Urban (see Theorem 3.7 in Urban’s
work involving the Eisenstein-Klingen ideal [37]), we have the following inequality in the divisor
group of R[[Γ]]:
Div (θ3,2) +
∑
ν∈Σ0
Div
(
Loc(ν, ρ3,2)
∨
) ≤ Div (SelΣ0ρ3,2(Q)∨)−Div (H0(GΣ,Dρ3,2)∨) .(UR)
Let us grant ourselves the validity of UR too. Assuming ES and UR hold, we obtain the main
conjecture MC-ρ3,2. Further, if the divisor Div
(
SelΣ0ρ4,3(Q)
∨
)
− Div (H0(GΣ,Dρ4,3)∨) generates
a torsion element in the divisor class group of T [[Γ]], we obtain the main conjecture MC-ρ4,3 too.
We now state this as a theorem.
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Theorem 4. Suppose AD− TOR, ES and UR hold. Then, the main conjecture MC-ρ3,2 holds. In
addition, if the divisor Div
(
SelΣ0ρ4,3(Q)
∨
)
− Div (H0(GΣ,Dρ4,3)∨) generates a torsion element in
the divisor class group of T [[Γ]], we obtain the main conjecture MC-ρ4,3 too.
Now assume AD−TOR does not hold, i.e. SelΣ0ρ3,2(Q)∨ has positive R[[Γ]]-rank. In this case, the
main conjecture for ρ3,2 predicts that θ3,2 = 0. The p-adic L-function θ1,2, constructed by Kubota-
Leopoldt, is not equal to zero. Due to a result of Iwasawa [25] (see also Proposition 2.1 in [13]),
SelΣ0ρ1,2(Q)
∨ is R[[Γ]]-torsion. These observations along with Theorem 1, Theorem 2 and Theorem 3
are consistent with the main conjecture for ρ4,3 in the following way. On the analytic side, we have
π(θ4,3) = 0. On the algebraic side, one can assert that the height one prime ideal ker(π) belongs to
the support of SelΣ0ρ4,3(Q)
∨ as a T [[Γ]]-module.
Remark 1. We would like to make a remark about the hypothesis AD− TOR. Let χ be an even
character for this remark. In this case, there are results of Hida establishing AD− TOR. See
Corollary 3.90 in Hida’s book [23] for the hypotheses under which AD−TOR is known to hold.
Consider the odd character ωχ−1. We briefly indicate how one can use the results of Hida to
establish AD− TOR for the odd character ωχ−1 too. Let us assume that AD−TOR holds for the
even character χ. One can use a control theorem to conclude that SelΣ0
Ad0(ρf )(χ)⊗κ−1
(Q)∨ is Zp[[Γ]]-
torsion for at least one classical specialization f of F with weight k ≥ 2 (and in fact for all but
possibly finitely many classical specializations). One can then use a result of Greenberg (Theorem
2 in [9]) and a control theorem to conclude that SelΣ0
Ad0(ρF )(ωχ−1)⊗κ−1
(Q)∨ is R[[Γ]]-torsion too.
Remark 2. We only need the hypotheses IRR and p-Dis to ascertain that ρF satisfies the Pan-
chishkin condition. Besides this, none of our proofs require these hypotheses. The reason we
include the auxillary prime number l in Σ is to deduce Proposition 1.7 and Proposition 1.14
from Corollary 3.2.3 in [12] and Proposition 4.2.1 in [14]. Although conjecturally the divisor
Div
(
SelΣ0ρ4,3(Q)
∨
)
− Div (H0(GΣ,Dρ4,3)∨) should be principal, none of our results address this or
even whether it generates a torsion element in the divisor class group of T [[Γ]].
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Outline. Section 1 is largely spent recalling Greenberg’s results in Iwasawa theory. The results of
Section 2 and 3 are related to the general setups involving specialization results and the control
theorems respectively. The results of Sections 4, 5 and 6 are related to the setup of Dasgupta’s
factorization.
Terminology. We shall follow some standard terminology throughout this paper. Let R be an
integrally closed domain. The divisor group of R is the free abelian group on the set of height
one prime ideals of R. To a finitely generated torsion R-module M, one can associate an element,
Div(M), in the divisor group of R following Chapter VII in [2]. Suppose y = rs−1 is a non-zero
element in the fraction field of R, such that r, s ∈ R. Then, Div(y) is defined to be Div
(
R
(r)
)
−
8
Div
(
R
(s)
)
. Note also that if 0 → M1 → M2 → M3 → 0 is a short exact sequence of R-modules,
then Div(M2) = Div(M1) + Div(M3). A finitely generated torsion R-module M is said to be
pseudo-null if Div(M) = 0. The divisor class group of R is the quotient of the divisor group of R
by the subgroup Prin(R), which is generated by Div
(
R
(r)
)
, for all non-zero elements r in R. The
rank of a finitely-generated R-module M equals the dimension of the vector space M⊗R Frac(R)
over Frac(R), the fraction field of R. The Pontryagin dual of a profinite ring T will be denoted by
T̂ , while the Pontryagin dual of a module N over such a profinite ring T will be denoted by N∨.
We will repeatedly use Pontryagin duality for modules over profinite rings as stated in Theorem
1.1.11 in [33].
List of abbreviations.
AD− TOR, Page 6 ES, Page 6 Fil-̺, Page 9 Fin-Proj, Page 18
IRR, Page 4 MC−K, Page 2 MC−Q, Page 3 MC-ρ1,2, Page 7
MC-ρ3,2, Page 7 MC-ρ4,3, Page 7 No-PN, Page 18 1-EV, Page 38
p-critical, Page 11 p-Dis, Page 4 TOR, Page 11 UR, Page 7
1. Review of Greenberg’s results
The purpose of this section is to recall results from Greenberg’s foundational works [11], [12] and
[14] on Galois cohomology groups and Selmer groups, pertinent to Iwasawa theory. We shall mainly
be interested in restating the results there in a manner useful to our purposes. Since the section is
intended to serve as an exposition to Greenberg’s works, we will simply sketch the proofs, instead
indicating references where the proofs are discussed more elaborately.
1.1. The general setup
Let R be a finite integral extension of Zp[[u1, . . . , un]] and assume it is an integrally closed
domain. As in the introduction, let Σ be a finite set of primes in Q containing p, ∞ and a non-
archimedean prime l 6= p. Let Σ0 = Σ \ {p}. We shall associate a primitive Selmer group Sel̺(Q)
and a non-primitive Selmer group SelΣ0̺ (Q) to the Galois representation ̺ : GΣ → GLd(R), whose
associated Galois lattice L̺ is free over R, and to which we can associate a short exact sequence of
free R-modules that is Gal(Qp/Qp)-equivariant.
0→ Fil+L̺ → L̺ → L̺
Fil+L̺
→ 0.(Fil-̺)
We shall call the short exact sequence Fil-̺ as the filtration5 associated to ̺. We also define the
discrete modules D̺ and Fil+D̺ to equal L̺ ⊗R R̂ and Fil+L̺ ⊗R R̂ respectively. The (discrete)
5The filtration Fil-̺ is an extra datum for the Galois representation ̺. A prototypical example to keep in mind is
that of an elliptic curve E, defined over Q, that has good ordinary reduction at p. In this case, one has a short exact
sequence 0 → ker(j) → Tp(E)
j
−→ Tp(E) → 0 of free Zp-modules that is Gal(Qp/Qp)-equivariant. Here, Tp(E) and
Tp(E) are the p-adic Tate modules associated to the elliptic curves E and E (the reduction of the elliptic curve E at
p) respectively, and j is the natural reduction map.
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Selmer groups associated to ̺ are defined below.
SelΣ0̺ (Q) := ker
(
H1(GΣ,D̺)
φΣ0̺−−→ H1
(
Ip,
D̺
Fil+D̺
)Γp)
,
Sel̺(Q) := ker
(
H1(GΣ,D̺) φ̺−→ H1
(
Ip,
D̺
Fil+D̺
)Γp
×
∏
ν∈Σ0
Loc(ν, ̺)
)
.
Here, for each prime ν ∈ Σ, we let Loc(ν, ̺) denote H1(Iν ,D̺)Γν .
Remark 3. Our choice of fonts in this paper will be guided by the following convention. For
results specifically pertaining to Dasgupta’s factorization, we will use a “normal” font to denote the
corresponding Galois representations, rings, modules etc (e.g. ρ, R, L, D etc). While describing
results of a general kind, we will use a “curly” or “calligraphic” font to denote the corresponding
objects (e.g. ̺, R, L, D etc).
We will also need to introduce the Galois representation ̺∗ : GΣ → GLd(R) whose associated
lattice L∗̺ is defined by HomR (L̺,R(χp)). The discrete module D∗̺ associated to ̺∗ is given by
L∗̺ ⊗R R̂. Using Greenberg’s terminology in [11], we observe that the R-modules D̺ and D∗̺ are
R-cofree, and hence R-coreflexive and R-codivisible. Note that a discrete R-module D is said
to be cofree, coreflexive, codivisible respectively if the R-module D∨ is free, reflexive, torsion-free
respectively.
1.2. Cyclotomic deformations
We shall fix a topological generator γ0 of Γ throughout the paper. We shall consider the completed
group ring R[[Γ]], which is an integrally closed domain. There is a non-canonical isomorphism
R[[Γ]] ∼= R[[s]], obtained by sending the topological generator γ0 of Γ to s + 1. This allows us to
viewR[[Γ]] as a finite integral extension of Zp[[u1, . . . , un, s]]. We shall define a Galois representation
̺ ⊗ κ−1 : GΣ → GLd(R[[Γ]]), that is related to the cyclotomic deformation of ̺. Cyclotomic
deformations frequently arise in Iwasawa theory. We letR[[Γ]](κ−1) denote the freeR[[Γ]]-module on
which GΣ acts by the character κ
−1. Similarly, we let R̂[[Γ]](κ−1) denote R[[Γ]](κ−1)⊗R[[Γ]] R̂[[Γ]].
The deformation ̺⊗κ−1 is given by the action of GΣ on L̺⊗κ−1 (defined below). We can associate
the following free R[[Γ]]-modules to ̺⊗ κ−1.
L̺⊗κ−1 := L̺ ⊗R[[Γ]](κ
−1), Fil+L̺⊗κ−1 := Fil
+
L̺ ⊗R[[Γ]](κ
−1),
L̺⊗κ−1
Fil+L̺⊗κ−1
:=
L̺
Fil+L̺
⊗R[[Γ]](κ−1),
D̺⊗κ−1 := Lρ ⊗ R̂[[Γ]](κ
−1), Fil+D̺⊗κ−1 := Fil
+
L̺ ⊗ R̂[[Γ]](κ
−1),
D̺⊗κ−1
Fil+D̺⊗κ−1
:=
L̺
Fil+L̺
⊗ R̂[[Γ]](κ−1).
All the tensor products given above are taken over the ring R. Note that the cyclotomic defor-
mation of ̺ (as defined in [10]) is given by the action of GΣ on L̺ ⊗RR[[Γ]](κ). One can form the
primitive Selmer group Sel̺⊗κ−1(Q) and the non-primitive Selmer group Sel
Σ0
̺⊗κ−1(Q) corresponding
to the filtration given below.
0→ Fil+L̺⊗κ−1 → L̺⊗κ−1 →
L̺⊗κ−1
Fil+Lρ⊗κ−1
→ 0.(Fil-̺⊗ κ−1)
To relate the discrete Galois modules D̺⊗κ−1 and D̺, we have the following isomorphism of
discrete R[[Γ]]-modules (described in section 3 of [10]):
D̺⊗κ−1 ∼= HomR
(
R[[Γ]](κ),D̺
)
, D∗ρ⊗κ−1 ∼= HomR
(
R[[Γ]](κ−1),D∗̺
)
.(7)
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We will need to consider the R-linear involution ι : R[[Γ]]→ R[[Γ]] obtained by sending γ0 to γ−10 .
Given an R[[Γ]]-module M, we will define a new R[[Γ]]-module Mι. The underlying R-module
structure on Mι is the same. There is a new action of Γ on Mι; the topological generator γ0 now
acts on Mι via ι(γ0). Using the isomorphisms in (7), we obtain the following proposition which is
described in Section 3 of [10].
Proposition 1.1. We have the following isomorphisms of R[[Γ]]-modules :
H0(GΣ,D̺⊗κ−1) ∼= H0(Gal(QΣ/Q∞),D̺), H0(GΣ,D∗̺⊗κ−1) ∼= H0(Gal(QΣ/Q∞),D∗̺)ι
H0(Gal(Qp/Qp),D̺⊗κ−1) ∼= H0(Gηp ,D̺), H0(Ip,D̺⊗κ−1) ∼= H0(Iηp ,D̺),
H0(Gal(Qp/Qp),Fil
+D̺⊗κ−1) ∼= H0(Gηp ,Fil+D̺), H0(Ip,Fil+D̺⊗κ−1) ∼= H0(Iηp ,Fil+D̺),
H0
(
Gal(Qp/Qp),
D̺⊗κ−1
Fil+D̺⊗κ−1
)
∼= H0
(
Gηp ,
D̺
Fil+D̺
)
, H0
(
Ip,
D̺⊗κ−1
Fil+D̺⊗κ−1
)
∼= H0
(
Iηp ,
D̺
Fil+D̺
)
.
For each ν in Σ0, we also have the isomorphism
H0
(
Gal(Qν/Qν),D̺⊗κ−1
) ∼= IndΓ∆ηνH0 (Gην ,D̺) .
Here, for each ν ∈ Σ, we choose a single prime ην in Q∞ lying above ν. The decomposition and
inertia subgroups at ην are denoted by Gην and Iην . The quotient Gal(Qν/Qν)/Gην , denoted by ∆ην ,
is a subgroup of finite index inside Γ.
The Pontryagin duals of all the 0th-cohomology groups, appearing above, are finitely generated
over R.
Let d+ denote the dimension of the +1 eigenspace for the action of complex conjugation on ̺.
Throughout this section, we shall assume that the following conditions hold.
RankR[[Γ]]
(
Fil+L̺⊗κ−1
)
= d+.(p-critical)
(TOR) The R[Γ]]-module Sel̺⊗κ−1(Q)∨ is torsion.
Remark 4. When ̺ ⊗ κ−1 satisfies an additional hypothesis (called the “Panchishkin condition”),
one can associate (conjecturally) a p-adic L-function θ̺⊗κ−1 and a main conjecture to ̺⊗κ−1 . The
hypotheses p-critical and TOR come into play. See Greenberg’s work [10] for a precise description
of the “Panchishkin condition”. The Galois representations ρ4,3, ρ3,2 and ρ1,2 satisfy the Panchishkin
condition. The Galois representation π ◦ ρ4,3 does not satisfy the Panchishkin condition.
1.3. Galois cohomology groups
We shall now proceed to describe the results of Greenberg [11] regarding Galois cohomology
groups. The proof of Proposition 1.2 is essentially described in the proof of Proposition 3.2 of [10].
Hence, instead of providing the proof of Proposition 1.2, we shall simply provide the outline of the
proof. Let ν ∈ Σ0. Let ην denote a prime in Q∞ lying above ν. Let Qν,∞ denote the cyclotomic
Zp extension of Qν and let Gην denote the decomposition subgroup of Gal(Qν/Qν,∞). Let ∆ην , a
subgroup of Γ, denote the decomposition subgroup corresponding to ην lying above ν. Note that
both ∆ην and Γ have p-cohomological dimension equal to 1. The key point is to notice that
H1
(
Gal(Qν,∞/Qν),H
0
(
Gal(Qν/Qν,∞),D̺⊗κ−1
) )
= 0, H1
(
∆ην ,H
0(Gην ,D̺⊗κ−1)
)
= 0.
Proposition 1.2. Let ν ∈ Σ0. The natural restriction map gives us an isomorphism
H1(Gal(Qν/Qν),D̺⊗κ−1)
∼=−→ Loc(ν, ̺⊗ κ−1).(8)
Both these groups are isomorphic to
IndΓ∆ηνH
1(Gην ,D̺).
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Corollary 1.3. Let ν ∈ Σ0. The R[[Γ]]-module Loc(ν, ̺ ⊗ κ−1)∨ is finitely generated over R. As
a result, there exists a monic polynomial h(s) in R[s] such that h(γ0) annihilates Loc(ν, ̺⊗ κ−1)∨.
Proof. Since∆ην is of finite index in Γ, it suffices to show thatH
1(Gην ,D̺)∨ is finitely generated over
R. This can be done by using results from local class field theory. The Galois group Gal(Qurν /Qν,∞)
is of profinite order prime to p. Here, Qν,∞ is the cyclotomic Zp-extension of Qν and Qurν is the
maximal unramified extension of Qν . This gives us the isomorphism.
H1(Gην ,D̺) ∼= H0(Gal(Qurν /Qν,∞),H1(Iν ,D̺)).
To prove the corollary, it is enough to show that H1(Iν ,D̺)∨ is finitely generated over R. Local
class field theory lets us obtain a short exact sequence 0 → Wν → Iν → Pν → 0 where Wν is a
profinite group of profinite order prime to p and Pν is a profinite group that is isomorphic to Zp.
The action of Wν factors through a finite group of order prime to p. These observations let us
obtain the following isomorphisms of R-modules:
H1(Iν ,D̺) ∼= H1
(
Pν ,H
0(Wν ,D̺)
) ∼= H1 (Pν , (D̺)Wν) ∼= (D̺)Iν .
Here, (D̺)Wν and (D̺)Iν denote the maximal quotient of D̺ on which Wν and Iν respectively act
trivially. Since H1(Iν ,D̺)∨ is isomorphic to a sub-module of D∨̺ (which is finitely generated over
R), the corollary follows. 
Proposition 1.4. Let ν ∈ Σ0. The second cohomology group H2(Gal(Qν/Qν),D̺⊗κ−1) equals 0.
If we let N equal D̺⊗κ−1, Fil+D̺⊗κ−1 or
D
ρ⊗κ−1
Fil+D
̺⊗κ−1
, then H2(Gal(Qp/Qp),N ) equals 0.
Once again, instead of providing the proof of Proposition 1.4, we shall simply mention that
Proposition 1.4 can be deduced from the arguments given in Section 5 of [12]. The arguments
involved in the proof combine local duality, Proposition 3.10 in [11] along with Proposition 1.1.
Note that the statement of local duality, that we need, is given below (see Section 0.3 of Nekovář’s
Selmer complexes [32]).
H i
(
Gal(Qν/Qν),Dρ
)∨ ∼= H2−i (Gal(Qν/Qν),L∗ρ) , for all ν ∈ Σ, for all i ∈ {0, 1, 2}.
Now consider the prime p. The map
αp : H
1(Gal(Qp/Qp),D̺⊗κ−1)→ H1
(
Ip,
D̺⊗κ−1
Fil+D̺⊗κ−1
)Γp
can be written as αp = σp ◦ βp, where the maps βp and σp are given below.
βp : H
1(Gal(Qp/Qp),D̺⊗κ−1)→ H1
(
Gal(Qp/Qp),
D̺⊗κ−1
Fil+D̺⊗κ−1
)
,
σp : H
1
(
Gal(Qp/Qp),
Dρ⊗κ−1
Fil+D̺⊗κ−1
)
→ H1
(
Ip,
D̺⊗κ−1
Fil+D̺⊗κ−1
)Γp
.
Since H2(Gal(Qp/Qp),Fil
+D̺⊗κ−1) = 0, the map βp is surjective. The inflation-restriction exact
sequence and the fact that Γp has p-cohomological dimension 1 let us conclude that σp is also
surjective. Consequently, αp is surjective too. This gives us the following lemma:
Lemma 1.5. We have a short exact sequence 0 → ker(βp) → ker(αp) → ker(σp) → 0 and the
following isomorphism:
H1
(
Ip,
D̺⊗κ−1
Fil+D̺⊗κ−1
)Γp
∼= H
1(Gal(Qp/Qp),D̺⊗κ−1)
ker(αp)
.
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The Selmer group is defined as the kernel of a global-to-local map. In Greenberg’s works ([12]
and [14]), the local factors are described as quotients of local cohomology groups involving the
decomposition subgroup. We prefer to describe the local factors in terms of local cohomology groups
involving the inertia subgroup. Proposition 1.2 and Lemma 1.5 in fact also provide a relationship
between these descriptions.
To apply many of Greenberg’s results in [12] and [14], a hypothesis called “Weak Leopoldt con-
jecture” (sometimes also called “Hypothesis L”) needs to be verified. The Weak Leopoldt conjecture
for ̺⊗ κ−1 states that the Pontryagin dual of
X
2
(D̺⊗κ−1) := ker
(
H2(GΣ,D̺⊗κ−1)→
∏
ν∈Σ
H2(Gal(Qν/Qν),D̺⊗κ−1)
)
is R[[Γ]]-torsion. We will now show that the Weak Leopoldt conjecture for ̺⊗ κ−1 holds whenever
the hypotheses TOR and p-critical hold.
Let i ∈ {0, 1, 2}. Let ν ∈ Σ. Let us label the ranks of various cohomology groups.
hi := RankR[[Γ]]
(
H i(GΣ,D̺⊗κ−1)∨
)
, hp,−i := RankR[[Γ]]
(
H i
(
Gal(Qp/Qp),
D̺⊗κ−1
Fil+D̺⊗κ−1
)∨)
,
h
(p)
i := RankR[[Γ]]
(
H i(Gal(Qp/Qp),D̺⊗κ−1)∨
)
, h
(ν)
i := RankR[[Γ]]
(
H i(Gal(Qν/Qν),D̺⊗κ−1)∨
)
.
Now let ν ∈ Σ0. By Proposition 1.1, we obtain the following equality
h0 = h
p,−
0 = h
(ν)
0 = 0.
Note that the dimension of the Galois representation ̺ and the dimension of its +1-eigenspace
for complex conjugation equal d and d+ respectively. By Proposition 1.4, we obtain the following
equality
h
(p)
2 = h
p,−
2 = h
(ν)
2 = 0.
These observations along with the formulas for the global Euler-Poincaré characteristics (Proposition
4.1 in [11]) and local Euler-Poincaré characteristics (Proposition 4.2 in [11]) then give us the following
equalities:
h1 = (d− d+) + h2.
hp,−1 = (d− d+), h(ν)1 = 0.
h2 = RankR[[Γ]]
(
X
2
(D̺⊗κ−1)∨) .
In fact, by Proposition 1.4,X2
(D̺⊗κ−1) equalsH2(GΣ,D̺⊗κ−1). Since σp is surjective, the quantity
hp,−1 is greater than or equal to the R[[Γ]]-rank of the Pontryagin dual of H1
(
Ip,
D
̺⊗κ−1
Fil+D
̺⊗κ−1
)Γp
.
As a result of the hypothesis TOR, we obtain the following set of implications:
h1 +RankR[[Γ]]
(
coker(φ̺⊗κ−1)
∨
) ≤ hp,−1 ,
=⇒ (d− d+) + h2 +RankR[[Γ]]
(
coker(φ̺⊗κ−1)
∨
) ≤ (d− d+),
=⇒ RankR[[Γ]]
(
X
2
(D̺⊗κ−1)∨)+RankR[[Γ]] (coker(φ̺⊗κ−1)∨) ≤ 0,
=⇒ RankR[[Γ]]
(
X
2
(D̺⊗κ−1)∨) = RankR[[Γ]] (coker(φ̺⊗κ−1)∨) = 0.
By Proposition 5.2.3 in [12], the R[[Γ]]-module H2(GΣ,D̺⊗κ−1)∨, which equals X2
(D̺⊗κ−1)∨, is
torsion-free. Since coker(φΣ0
̺⊗κ−1
) is a quotient of coker(φ̺⊗κ−1), we get the following proposition:
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Proposition 1.6. The following statements hold whenever the hypotheses TOR and p-critical hold:
(1) The R[[Γ]]-modules coker (φ̺⊗κ−1)∨ and coker (φΣ0̺⊗κ−1)∨ are torsion.
(2) H2
(
GΣ,D̺⊗κ−1
)
equals 0. As a result, the Weak Leopoldt conjecture for ̺⊗ κ−1 holds.
1.4. Cokernel of the map defining Selmer groups
We shall now proceed to describe the results of Greenberg [12] concerning the cokernel of φ̺⊗κ−1 .
These results allow us to analyze the difference between the primitive and the non-primitive Selmer
group. Using results from [12] and Proposition 1.6, we obtain the following result:
Proposition 1.7 (Greenberg, [12]). Suppose the hypotheses TOR and p-critical hold. The map
φΣ0
̺⊗κ−1
defining the non-primitive Selmer group is surjective. As a result, we have the short exact
sequence
0→ Sel̺⊗κ−1(Q)→ SelΣ0̺⊗κ−1(Q)→
∏
ν∈Σ0
Loc(ν, ̺⊗ κ−1)→ coker (φρ⊗κ−1)→ 0.(9)
For the map φ̺⊗κ−1 defining the primitive Selmer group, we have the following relation:
coker
(
φ̺⊗κ−1
)∨ ⊂ H1(GΣ,L∗̺⊗κ−1)tor.(10)
In addition, if ker(αp) is a sub-module of the maximal R[[Γ]]-divisible subgroup of the local coho-
mology group H1
(
Gal(Qp/Qp),D̺⊗κ−1
)
, we obtain isomorphism
coker(φ̺⊗κ−1)
∨ ∼= H1(GΣ,L∗̺⊗κ−1)tor.(11)
Proof. The surjectivity of φΣ0
̺⊗κ−1
follows from Proposition 3.2.1 in [12]. The short exact sequence
(9) follows from Corollary 3.2.3, Remark 3.2.4 and Corollary 3.2.5 in [12]. Equation (10) follows
from Remark 3.1.3 in [12]. The isomorphism (11) follows from Proposition 2.3.1 and Proposition
3.1.1 in [12]. 
To investigate the R[[Γ]]-torsion submodule of H1(GΣ,L∗̺⊗κ−1), which has been denoted by
H1(GΣ,L∗̺⊗κ−1)tor, we will follow the arguments given in Section 2 of [12]. Let ξ be a non-zero
annihilator of H1(GΣ,L∗̺⊗κ−1)tor in the ring R. We have
H1(GΣ,L∗̺⊗κ−1)tor = H1(GΣ,L∗̺⊗κ−1)[ξ].
Note that local duality tells us that H0(Gal(Qp/Qp),L∗̺⊗κ−1) = H2(Gal(Qp/Qp),D̺⊗κ−1) = 0.
Hence, H0
(
GΣ,L∗̺⊗κ−1
)
also equals zero. The short exact sequence
0→ L∗̺⊗κ−1
ξ−→ L∗̺⊗κ−1 →
L∗
̺⊗κ−1
ξL∗
̺⊗κ−1
→ 0
then gives us the isomorphism
H1
(
GΣ,L∗̺⊗κ−1
)
tor
= H1
(
GΣ,L∗̺⊗κ−1
)
[ξ] ∼= H0
(
GΣ,
L∗
ρ⊗κ−1
ξL∗
̺⊗κ−1
)
.(12)
For the following lemmas, we will introduce one bit of notation. For every prime ideal p in R[[Γ]],
we let kp the fraction field of
R[[Γ]]
p
.
Lemma 1.8. If H0(GΣ,L∗̺⊗R[[Γ]]κ−1 ⊗ kp) equals 0 for all height one prime ideals p in R[[Γ]], then
coker(φ̺⊗κ−1) equals 0.
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Proof. Consider the short exact sequence of R[[Γ]]-modules, with the trivial GΣ-action (which fol-
lows Proposition 5.1.7 in [33] and from 2C (2) in [11])
0→ R[[Γ]]
(ξ)
→
⊕
ht(pi)=1
R[[Γ]]
pnii
→ Z → 0,(13)
where the sum is taken over the height one prime ideals pi of R[[Γ]] in the support of R[[Γ]](ξ) and
where Z is a R[[Γ]] pseudo-null module. The integers ni are non-negative. After we tensor the
sequence (13) over R[[Γ]] with the GΣ-module L∗̺⊗κ−1 , we can take GΣ-invariants. To prove the
lemma it suffices to show that for every height one prime ideal p in R[[Γ]] and every natural number
n,
H0
(
GΣ,
L∗
̺⊗κ−1
pnL∗
̺⊗κ−1
)
?
= 0.
Let us fix such a height one prime ideal p and a natural number n. Consider the tower of GΣ-
modules:
L∗̺⊗κ−1 ⊃ pL∗̺⊗κ−1 ⊃ · · · ⊃ pnL∗̺⊗κ−1 .
The lemma would follow if we are able to show that
H0
(
GΣ,
piL∗
̺⊗κ−1
pi+1L∗
̺⊗κ−1
)
?
= 0, , for 0 ≤ i ≤ n− 1.
Now let’s also fix an integer i such that 0 ≤ i ≤ n− 1. We have the following observations:
• Since L∗
̺⊗κ−1 is a free R[[Γ]]-module, we have
piL∗
̺⊗κ−1
pi+1L∗
̺⊗κ−1
∼=
(
pi
pi+1
)
⊗R[[Γ]] L∗̺⊗κ−1 .
• Since pi
pi+1
is torsion-free over R[[Γ]]
p
, we have an inclusion p
i
pi+1
→֒ kgp , for some integer g.
As modules over GΣ, we have the inclusion
piL∗
̺⊗κ−1
pi+1L∗
̺⊗κ−1
→֒
(
L∗
̺⊗κ−1 ⊗ kp
)g
. These observations now
let us conclude the lemma. 
Lemma 1.9. Let p be a prime ideal in R[[Γ]]. The following statements are equivalent:
(1) p belongs to the support of H0
(
GΣ,D∗̺⊗κ−1
)∨
.
(2) H0(GΣ,L∗̺⊗κ−1 ⊗ kp) 6= 0.
Proof. To prove the lemma, it suffices to observe the following equivalence which one obtains using
Nakayama’s Lemma and Proposition 3.10 in [11] :
H0(GΣ,L∗̺⊗κ−1 ⊗ kp) = 0 ⇐⇒ H0
(
GΣ,
L∗
̺⊗κ−1
pL∗
̺⊗κ−1
)
= 0 ⇐⇒ p /∈ SuppR[[Γ]]
(
H0
(
GΣ,D∗̺⊗κ−1
)∨)
.

Let A(R) denote the algebraic closure of the fraction field of R. For any character Ψ : GΣ →
A(R)×, we let V̺∗(Ψ) := L∗̺ ⊗R A(R)(Ψ). Using Proposition 1.1, one can argue that the R[[Γ]]-
module H0(GΣ,D∗̺⊗κ−1)∨ is finitely generated over R. The generalized Cayley-Hamilton theorem
then gives us a monic polynomial h(s) ∈ R[s] such that h(γ0) annihilates H0(GΣ,D∗̺⊗κ−1)∨. Let
p be a height one prime ideal of R[[Γ]] in the support of H0(GΣ,D∗̺⊗κ−1)∨. Then, p must contain
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h(γ0). This implies that p ∩R = {0} and hence that R[[Γ]]p is a finite integral extension of R. The
Galois representation obtained via the composition
GΣ
(̺⊗κ−1)
∗
−−−−−−→ GLd(R[[Γ]])→ GLd
(R[[Γ]]
p
)
→֒ GLd(A(R))
is given by ̺∗(Ψ), for some character Ψ : GΣ → A(R)×. We obtain the following implication:
H0
(
GΣ,V̺∗(Ψ)
)
= 0 =⇒ H0(GΣ,L∗̺⊗κ−1 ⊗ kp) = 0.
As a result of these observations and Lemma 1.9, we have the following proposition:
Proposition 1.10. Suppose H0
(
GΣ,V̺∗(Ψ)
)
= 0, for every character Ψ : GΣ → A(R)×. Then,
(1) H0
(
GΣ,D∗̺⊗κ−1
)∨
is a pseudo-null R[[Γ]]-module.
(2) coker(φ̺⊗κ−1) equals 0.
As an immediate corollary to the previous proposition, we have the following result:
Corollary 1.11. If the Galois representation ̺ is absolutely irreducible of dimension greater than
one, then
(1) H0
(
GΣ,D∗̺⊗κ−1
)∨
is a pseudo-null R[[Γ]]-module.
(2) coker(φ̺⊗κ−1) equals 0.
1.5. No non-trivial pseudo-null submodules
The results of this section will play a key role in Section 2 when we study the behavior of modules
under specialization with respect to height one prime ideals. Over 2-dimensional regular local rings,
we have the following useful proposition (which follows from Theorem 5.1.10 in [33]).
Proposition 1.12. A finitely generated module over a 2-dimensional regular local ring has no non-
trivial pseudo-null submodules if and only if its projective dimension is less than or equal to 1.
There are quite a number of useful results in [11] concerning when the Pontryagin dual of Ga-
lois cohomology groups have no non-trivial pseudo-null submodules. In [11], Greenberg uses the
terminology - an “almost-divisible” module. A discrete module is said to be “almost-divisible” if its
Pontryagin dual has no non-trivial pseudo-null submodules. First we shall concern ourselves with
the local factors away from p. Let ν ∈ Σ0.
• Proposition 1.2 establishes the isomorphism H1(Gal(Qν/Qν),D̺⊗κ−1) ∼= Loc(ν, ̺ ⊗ κ−1),
• Proposition 1.4 establishes the fact that H2(Gal(Qν/Qν),D̺⊗κ−1) equals zero.
Combining these observations along with Proposition 5.3 in [11] gives us the next proposition.
Proposition 1.13. For every prime ν ∈ Σ0, the R[[Γ]]-module Loc(ν, ̺⊗ κ−1)∨ has no non-trivial
pseudo-null submodules .
It is easier to establish that the Pontryagin dual of the “strict” non-primitive Selmer group has
no non-trivial pseudo-null modules. The strict non-primitive Selmer group SelΣ0,str
̺⊗κ−1(Q) is defined
below.
SelΣ0,str
̺⊗κ−1(Q) := ker
(
H1(GΣ,D̺⊗κ−1)
φ
Σ0,str
̺⊗κ−1−−−−−→ H1
(
Gal(Qp/Qp),
D̺⊗κ−1
Fil+D̺⊗κ−1
))
.
Note that H2(Gal(Qp/Qp),Fil
+D̺⊗κ−1) = 0 by Proposition 1.4. Combining Proposition 4.2.1
and Proposition 4.3.2 from [14], we obtain the following proposition:
16
Proposition 1.14. Suppose the hypotheses TOR and p-critical hold. TheR[[Γ]]-module SelΣ0,str
̺⊗κ−1(Q)
∨
has no non-trivial pseudo-null submodules.
Using an argument similar to the one used to prove Proposition 1.7, one can show that the “global-
to-local” map φΣ0,str
̺⊗κ−1 defining the strict non-primitive Selmer group is surjective. Proposition 1.15,
which follows from Lemma 1.5, allows us to evaluate the difference between the non-primitive Selmer
group and the strict non-primitive Selmer group.
Proposition 1.15. Suppose the hypotheses TOR and p-critical hold. We have the following short
exact sequence:
0→ SelΣ0,str
̺⊗κ−1
(Q)→ SelΣ0
̺⊗κ−1
(Q)→ H1
(
Γp,H
0
(
Ip,
D̺⊗κ−1
Fil+D̺⊗κ−1
))
→ 0.
1.6. Regular local rings of dimension 2
Classical Iwasawa theory involves the study of modules over the ring Zp[[s]]. The ring Zp[[s]] is
a regular local ring of Krull dimension 2. In the setup of Hida theory, the rings we are interested in
are not always known to be regular. To obtain a workaround, we shall frequently use Lemma 1.16.
Lemma 1.16. Let h(s) be a monic polynomial in R[[s]] with positive degree. Let Q be a height two
prime ideal in R[[s]] containing h(s). The 2-dimensional local ring R[[s]]Q is regular.
Proof. The height two prime ideal Q in R[[s]] corresponds to a height one prime ideal q′ in
R[[s]]/(h(s)). Note that R[[s]]/(h(s)) is an integral extension of R. As a result, the prime ideal
Q∩R (call it q) is of height one in the ring R. Since R is integrally closed, the ring Rq is a discrete
valuation ring. The Weierstrass preparation theorem tells us that for every element y ∈ R[[s]] and
every natural number m, there exists an element d(s) ∈ R[[s]] such that the degree of y−d(s)h(s)m
is a polynomial (whose degree is less than the degree of h(s)m). We denote the prime ideal Q∩R[s]
in R[s] by Q′. The height of Q′ equals two since it contains q and h(s). We have the following
isomorphism:
lim←−
m
(R[s])Q′
(Q′)m
∼= lim←−
m
(R[[s]])Q
Qm .(14)
A Noetherian local ring is regular if and only if its completion is regular (Proposition 11.24 in [1]).
Equation (14) tells us that, to prove the lemma, it suffices to show R[s]Q′ is regular. Observe that
we have the inclusions
R[s] i1→֒ Rq[s] i2→֒ R[s]Q′ .(15)
It will be convenient to view all of the rings, appearing in (15), inside the fraction field of R[s]. Let
P equal i−12 (Q′R[s]Q′). Note that Q′ equals (i2 ◦ i1)−1(Q′R[s]Q′). Localizing the rings appearing
in (15) with respect to the multiplicative set R[s] \ Q′, we have
R[s]Q′ i1→֒ (Rq[s])P
i2→֒ R[s]Q′ .(16)
See also Theorem 4.3 in [30]. Since the composition of the two natural inclusion maps in (16) equals
the identity map, we have R[s]Q′ equals (Rq[s])P. These observations let us conclude that the ring
R[s]Q′ is the localization at a height two prime ideal of the polynomial ring Rq[s] over the discrete
valuation ring Rq and hence is regular too. The lemma follows. 
The next proposition follows from Lemma 1.16 and an elementary application of the generalized
form of Cayley-Hamilton theorem (Theorem 4.3 in [6]). Let M be equal to one of the 0th Galois
cohomology groups appearing in Proposition 1.1 and let N =M∨. Proposition 1.1 tells us that N
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is finitely generated over R with an R-linear action of γ0. There exists a monic polynomial h(s) in
R[s] such that h(γ0) annihilates N .
Proposition 1.17. Let M be one of the 0th Galois cohomology groups appearing in Proposition
1.1. Let N =M∨. For every height 2 prime ideal Q in R[[Γ]], the projective dimension of NQ as
an R[[Γ]]Q-module is finite.
2. Specialization of Selmer groups
An important topic which we would like to pursue, that may be of independent interest, is the
question of studying the behavior of Selmer groups under specialization. It may first be useful to
approach this topic from a general persepective. Let T and R be two integrally closed domains
that are finite (and hence integral) extensions of Zp[[u1, . . . , un]] and Zp[[v1, . . . , vn−1]] respectively.
If Q is a height two prime ideal in T , note that by Serre’s criterion for normality (Theorem 23.8 in
[30]), the localization TQ is Cohen-Macaulay.
Consider a ring map ̟ : T → R such that the following conditions hold:
• ker(̟) is a height one prime ideal in T .
• R is the integral closure of Tker(̟) (note that as a result of Cohen’s structure theorems, R is
finitely generated as an T -module).
Consider a Galois representation ̺ : GΣ → GLd(T ) with an associated Galois lattice L̺ and an
associated Gal(Qp/Qp)-equivariant filtration Fil-̺, so that we can associate to it a non-primitive
Selmer group SelΣ0̺ (Q) as well. One can associate to the Galois representation ̟◦̺ : GΣ → GLd(R)
the following filtration of free R-modules that is Gal(Qp/Qp)-equivariant:
0→ Fil+L̺ ⊗̟ R→ L̺ ⊗̟ R → L̺ ⊗̟ R
Fil+L̺ ⊗̟ R
→ 0.(Fil-̟ ◦ ̺)
In a natural way, one can then associate a non-primitive Selmer group SelΣ0̟◦ρ(Q) to the Galois
representation ̟ ◦ ρ as well. Given the element Div (SelΣ0̺ (Q)∨) in the divisor group of T , the
problem we are interested in is finding the element Div
(
SelΣ0̟◦ρ(Q)
∨
)
in the divisor group of R. We
shall proceed in two steps. First, we will relate the element Div
(
SelΣ0̺ (Q)
∨
)
in the divisor group
of T to the element Div (SelΣ0̺ (Q)∨ ⊗̟ R) in the divisor group of R. The key results for this
purpose are Proposition 2.2 and Proposition 2.4. Second, we will prove a control theorem relating
SelΣ0̺ (Q)
∨ ⊗̟ R to SelΣ0̟◦̺(Q)∨. The key result for this purpose is Proposition 3.2. The results of
Section 2 and Section 3 do not rely on each other.
2.1. A commutative algebra perspective
For a finitely generated T -moduleN , we shall frequently need to consider the following hypotheses
in this section:
No-PN For every height two prime ideal Q in T containing ker(̟), the TQ-module NQ has
no non-zero pseudo-null submodules.
Fin-Proj For every height two prime ideal Q in T containing ker(̟), the TQ-module NQ has
finite projective dimension.
If p is a height one prime ideal in T , then the T -module T
p
satisfies No-PN. If a is a non-zero
element of T , then the T -module T(a) also satisfies No-PN. When T is a regular local ring, the
hypothesis Fin-Proj is automatically satisfied. Before discussing the main proposition, it will be
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illustrative to discuss an example that highlights why the hypothesis Fin-Proj is important in the
case when T is not regular.
Example 2.1. Let T = Zp[[u]][ϑ], where ϑ2 = u(u − p). This ring is a quadratic extension of the
UFD Zp[[u]]. The height one prime ideals p1 = (ϑ, u) and p2 = (ϑ, u − p) in T lying above the
height one prime ideals (u) and (u − p) in Zp[[u]] are not principal. We keep the picture below in
mind.
Zp[[u]]
R
(u)
p1 = (ϑ, u)
(u− p)
p2 = (ϑ, u− p)
Consequently, T is not a UFD, and hence not a regular local ring too. We have the following
equality in the divisor group of T :
Div(ϑ) = Div
( T
p1
⊕ T
p2
)
.(17)
Let R = Zp. For simplicity, suppose 2 is a square in Z×p so that
√
2 ∈ Zp. Consider the map
̟ : T → R defined below.
̟ : Zp[[u]][ϑ]︸ ︷︷ ︸
T
→ Zp︸︷︷︸
R
,
̟(u) = 2p, ̟(ϑ) =
√
2p.
In the divisor group of R, we have:
Div(p) = Div(̟(ϑ)) 6= Div
(( T
p1
⊕ T
p2
)
⊗̟ R
)
= Div(p2).(18)
Note that the T -module T
p1
⊕ T
p2
satisfies No-PN. However, its projective dimension over T is
infinite. While studying specialization of Selmer groups, keeping equations (17) and (18) in mind,
we would like to avoid a situation when the module T
p1
⊕ T
p2
plays the role of a Selmer group and
the element ϑ plays the role of a p-adic L-function.
Proposition 2.2. Suppose Y1, Y2 and M are three finitely generated torsion T -modules satisfying
the following conditions:
Hyp-1 The height one prime ideal ker(̟) does not belong to the support of Y1, Y2 or M.
Hyp-2 The T -modules Y1 and Y2 satisfy the hypotheses No-PN and Fin-Proj.
Hyp-3 If Q is a height two prime ideal containing the height one prime ideal ker(̟) and contained
in the support of M, then
(a) The 2-dimensional local ring TQ is regular,
(b) The 1-dimensional local domain
(
T
ker(̟)
)
Q
is integrally closed.
Fix the symbol ✁✄ to denote either “≥” or “≤”. Suppose further that we have the following equality
in the divisor group of T :
Div (Y1) ✁✄ Div (Y2)−Div (M) .
Under these assumptions, we obtain the following equality in the divisor group of r:
Div (Y1 ⊗̟ R) ✁✄ Div (Y2 ⊗̟ R) + Div
(
TorT1 (R,M)
)−Div (M⊗̟ R) .
Remark 5. As a consequence of Proposition 2.2, if Div (Y1) + Div (M) = Div (Y2) in the divisor
group of T , we obtain the following equality in the divisor group of R:
Div (Y1 ⊗̟ R) = Div (Y2 ⊗̟ R) + Div
(
TorT1 (r,M)
)−Div (M⊗̟ R) .
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Remark 6. Whenever
(
T
ker(̟)
)
Q
is integrally closed, it is a DVR; and there is exactly one prime
ideal in R lying above the height one prime ideal in Tker(̟) that Q corresponds to. Hence, RQ
equals
(
T
ker(̟)
)
Q
. Whenever the map ̟ : T → R is surjective, we have R ∼= Tker(̟) ; so in this case(
T
ker(̟)
)
Q
is automatically an integrally closed domain.
Proof. Fix the symbol ✁✄ to denote “≥” throughout the proof. The proof proceeds similarly when
the symbol ✁✄ denotes ≤. Let us fix a height one prime ideal q in R. Let q′ = q ∩ Tker(̟) . Let Q
be the height two prime ideal, containing ker(̟), that corresponds to q′. We shall use the notion
of lengths, denoted by len, to describe divisors (see [1]). In the divisor group of T , we have
Div(Y1) =
∑
p height one
prime in T
lenTp(Y1)p · p, Div(Y2) =
∑
p height one
prime in T
lenTp(Y2)p · p,
Div(M) =
∑
p height one
prime in T
lenTp (Mp) · p.
The hypotheses stated in the proposition tell us that, for all height one prime ideals p in T ,
lenTp(Y1)p ≥ lenTp(Y2)p − lenTp (Mp) .(19)
Hyp-1 tells us that all theRq-modules appearing in (20) below are torsion. To prove the proposition,
we will need to show that the following inequality holds:
lenRq (Y1 ⊗̟ Rq)
?≥ lenRq (Y2 ⊗̟ Rq) + lenRq
(
TorT1 (R,M)q
)− lenRq (M⊗̟ Rq) .(20)
We shall first analyze Y1 and Y2. LetQ0 equal Zp[[u1, . . . , un]]∩Q. The extension Zp[[u1, . . . , un]]Q0 →֒
TQ is integral. Using this observation and Hyp-2, we can conclude that the Zp[[u1, . . . , un]]Q0-
modules (Y1)Q and (Y2)Q have no pseudo-null submodules too. By Proposition 1.12, we have
pdZp[[u1,...,un]]Q0
(Y1)Q ≤ 1, pdZp[[u1,...,un]]Q0 (Y2)Q ≤ 1.
The depth of an TQ-module over TQ equals its depth over the ring Zp[[u1, . . . , un]]Q0 (see the
Appendix in [29]). Using the Auslander-Buchsbaum formula over the 2-dimensional regular local
ring Zp[[u1, . . . , un]]Q0 , we obtain
depthZp[[u1,...,un]]Q0
(Y1)Q = depthTQ (Y1)Q ≥ 1, depthZp[[u1,...,un]]Q0 (Y2)Q = depthTQ (Y2)Q ≥ 1.
For the 2-dimensional local ring TQ, by Theorem 17.2 in [30], we have depthTQTQ ≤ 2 (in fact,
we have equality since TQ is integrally closed and is hence Cohen-Macaulay, by Serre’s criterion for
normality; see Theorem 23.8 in [30]). Using Auslander-Buchsbaum formula over the 2-dimensional
local ring TQ, we have
pdTQ (Y1)Q + depthTQ (Y1)Q ≤ 2, pdTQ (Y2)Q + depthTQ (Y2)Q ≤ 2.
=⇒ pdTQ (Y1)Q ≤ 1, =⇒ pdTQ (Y2)Q ≤ 1.
We write down projective resolutions for (Y1)Q and (Y2)Q respectively.
0→ T n1Q
ω1−→ T n1Q → (Y1)Q → 0, 0→ T n2Q
ω2−→ T n2Q → (Y2)Q → 0.(21)
Here, ω1 and ω2 are n1 × n1 and n2 × n2 matrices respectively over TQ. The elements det(ω1) and
det(ω2) do not belong to ker(̟). So, ̟(det(ω1)) and ̟(det(ω2)) do not equal zero. Tensoring the
sequences in (21) with Rq (over TQ), we obtain the following exact sequences:
0→Rn1q
̟(ω1)−−−−→ Rn1q → (Y1 ⊗R)q → 0, 0→Rn2q
̟(ω2)−−−−→ Rn2q → (Y2 ⊗R)q → 0,(22)
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Using (22) and the fact that Rq is a DVR, we have
lenRq (Y1 ⊗̟ Rq) = lenRq
( Rq
̟(det(ω1)
)
, lenRq (Y2 ⊗̟ Rq) = lenRq
( Rq
̟(det(ω2)
)
.(23)
There are two cases we need to consider. First we shall suppose that the height one prime ideal
q in R does not belong to the support of M⊗̟ R (and hence the height two prime ideal Q in T
does not belong to the support ofM). In this case, for all height one prime ideals p inside Q, all of
the modules displayed below in equation (24) equal zero.
M⊗Rq =
( M
ker(̟)M
)
q′
=MQ = TorT1 (R,M)Q = TorT1 (R,M)q = 0.(24)
=⇒ lenTp(Mp) = lenRq
(
TorT1 (R,M)q
)
= lenRq (M⊗̟ Rq) = 0.
Since TQ is integrally closed, the ring TQ equals
⋂ Tp (viewed as subsets of the fraction field of T ),
where the intersection is taken over all the height one prime ideals p contained in the height two
prime ideal Q. As a result, if an element, belonging to the fraction field of T , lies in Tp for all height
one prime ideals p contained in Q, then this element lies in TQ. Using (19), we have
lenTp (Y1)p ≥ lenTp (Y2)p , for all height one prime ideals p in Q.
=⇒ det(ω1) = z det(ω2), for some non-zero element z in TQ.
=⇒ ̟(det(ω1)) = ̟(z) ·̟(det(ω2)), and ̟(z) 6= 0.
=⇒ lenRq (Y1 ⊗̟ Rq) ≥ lenRq (Y2 ⊗̟ Rq) .
Thus, equation (20) holds in this case. For the second case, we shall suppose that q belongs to the
support ofM⊗̟R (and hence the height two prime ideal Q in T does belong to the support ofM).
Hyp-3 tells us that TQ is a regular local ring. So, the height one prime ideal generated by ker(̟)
in TQ is principal, say equal to (ζ). Using the structure theorem for regular local rings of Krull
dimension 2 (Theorem 5.1.10 in [33]), we obtain a short exact sequence 0→ ⊕ TQ
(ǫ
ai
i
)
→MQ → Z → 0.
Here, the TQ-module Z is pseudo-null and the elements ǫi generate height one prime ideals in the
regular local ring TQ. The non-negative integers ai are equal to zero for all but finitely many i’s.
For all height one prime ideals p in TQ,
lenTp(Y1)p + lenTp(M)p ≥ lenTp(Y2)p.(25)
=⇒ lenTp
( Tp
(det(ω1) ·
∏
ǫaii )
)
≥ lenTp
( Tp
(det(ω2))
)
=⇒ det(ω1)
∏
ǫaii = z det(ω2), for some element z in TQ,
=⇒ ̟(det(ω1))
∏
̟(ǫi)
ai = ̟(z)̟(det(ω2)), and ̟(z) 6= 0.
=⇒ lenRq
( Rq
(̟(det(ω1)))
)
+ lenRq
( Rq
(
∏
̟(ǫi)ai)
)
≥ lenRq
( Rq
(̟(det(ω2)))
)
.
In this second case, by Remark 6, we have Rq ∼= RQ ∼= TQ(ζ) . As a result,
TorT1 (R,M)q ∼= TorT1 (R,M)Q ∼= TorTQ1
(TQ
(ζ)
,MQ
)
∼=MQ[ζ]
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We also have the following commutative diagram:
0 // ⊕ TQ
(ǫ
ai
i )
ζ

//MQ
ζ

// Z
ζ

// 0
0 // ⊕ TQ
(ǫ
ai
i )
//MQ // Z // 0
Using the hypothesis Hyp-1, one can conclude that none of the elements ǫi generate ker(̟). So,
ζ 6= ǫi. The snake lemma then gives us the following exact sequence:
0→ MQ[ζ]︸ ︷︷ ︸
TorT1 (R,M)Q
→ Z[ζ]→ ⊕ RQ
̟(ǫi)ai
→ MQ
ζ · MQ︸ ︷︷ ︸
M⊗RQ
→ Z
ζ · Z → 0.(26)
Length is additive in exact sequences. To show that (20) holds in this second case, we will use
equations (25) and (26). It only remains to show that lenRq (Z[ζ]) = lenRq
(
Z
ζ·Z
)
. Since the local
ring TQ is 2-dimensional and since the TQ-module Z is pseudo-null, lenTQ (Z) <∞. Also since the
map TQ → Rq is surjective in this case, we have the following equalities:
lenRq (Z[ζ]) = lenTQ (Z[ζ]) , lenRq
( Z
ζ · Z
)
= lenTQ
( Z
ζ · Z
)
.
The proposition now follows from these observations because we have the exact sequence 0 →
Z[ζ]→ Z ζ−→ Z → Z
ζ·Z → 0 of TQ-modules. 
It will be interesting to consider, whenever Div (Y1) > Div (Y2) − Div (M) in the divisor group
of T , whether we have the following inequality in the divisor group of R:
Div (Y1 ⊗̟ R)
?
> Div (Y2 ⊗̟ R) + Div
(
TorT1 (R,M)
)−Div (M⊗̟ R) .
We would require this stronger result for Theorem 3. One can modify the proof of Proposition 2.2
to obtain this stronger result if the ideal generated by the height one prime ideals ker(̟) and p is
of height 2 inside T , for all height one prime ideals p in the support of Y1, Y2 orM. In a UFD, the
sum of two height 1 prime ideals generates an ideal of height 2. However, as Example 2.3 shows,
this is not generally true. It will be helpful to discuss this example that illustrates the pathologies
which we wish to avoid.
Example 2.3. Let T = Zp[[u]][ϑ] be the ring discussed in Example 2.1. Recall that T is not a UFD
and that ϑ2 = u(u− p). Let us identify the completed tensor product T ⊗̂T with Zp[[u1, u2]][ϑ1, ϑ2]
such that ϑ21 = u1(u1 − p) and ϑ22 = u2(u2 − p). The ring T ⊗̂T has Krull dimension 3 and is not a
UFD. The maximal ideal of T ⊗̂T equals (ϑ1, ϑ2, u1, u2, p). We keep the following picture in mind
that describes how the height one prime ideals (u1 − u2) and (u1 + u2 − p) of Zp[[u1, u2]] split in
T ⊗̂T :
Zp[[u1, u2]]
T ⊗̂T
(u1 − u2)
(ϑ1 − ϑ2, u1 − u2) (ϑ1 + ϑ2, u1 − u2)
(u1 + u2 − p)
(ϑ1 − ϑ2, u1 + u2 − p) (ϑ1 + ϑ2, u1 + u2 − p)
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Let us label these height one prime ideals in T ⊗̂T .
p1 := (ϑ1 − ϑ2, u1 − u2), p2 := (ϑ1 + ϑ2, u1 − u2),
p3 := (ϑ1 − ϑ2, u1 + u2 − p), p4 := (ϑ1 + ϑ2, u1 + u2 − p).
We have the following inequality in the divisor group of T ⊗̂T :
Div(ϑ1 + ϑ2) = 1 · p2 + 1 · p4 > Div
(T ⊗̂T
p2
)
= 1 · p2.(27)
Consider the map ̟ : T ⊗̂T → T defined below.
̟ : T ⊗̂T → T ,
̟(ϑ1) = ϑ, ̟(ϑ2) = ϑ, ̟(u1) = u, ̟(u2) = u.
The kernel of ̟ is p1. Let us make a few observations. First note that the T ⊗̂T -module
T ⊗̂T
p2
satisfies No-PN. Now, we claim that the T ⊗̂T -module T ⊗̂T
p2
satisfies Fin-Proj. To see this,
consider the ideal p1 + p2 in T ⊗̂T which equals the ideal (ϑ1, ϑ2, u1 − u2). The minimal primes
containing the ideal p1+p2 are (ϑ1, ϑ2, u1, u2) and (ϑ1, ϑ2, u1−p, u2−p), both of which have height
2. Thus, the height of the ideal p1 + p2 equals 2 in T ⊗̂T . We have the following equality:
(ϑ1 − ϑ2)(ϑ1 + ϑ2) = (u1 − u2)(u1 + u2 − p).
Let Q be a height two prime ideal containing p1+p2. In particular, as we observed earlier, it equals
(ϑ1, ϑ2, u1, u2) or (ϑ1, ϑ2, u1 − p, u2 − p). The element u1 + u2 − p does not belong to Q (otherwise
Q would have height 3). So, u1 + u2 − p is a unit in (T ⊗̂T )Q. In (T ⊗̂T )Q, the height one prime
ideal generated by p2 must thus be principal (in fact, it can be generated by the element ϑ1 + ϑ2).
Our observations indicate that the projective dimension of the (T ⊗̂T )Q-module
(
T ⊗̂T
p2
)
Q
equals 1.
Our observations indicate that, though we started with a strict inequality in equation (27), we
obtain the following equality in the divisor group of T :
Div
(
̟(ϑ1 + ϑ2)
)
= Div(ϑ) = Div
(T ⊗̂T
p2
⊗̟ T
)
.
Now note that the minimal prime containing the ideal p1 + p4 in T ⊗̂T equals the maximal ideal
(ϑ1, ϑ2, u1, u2, p) in T ⊗̂T . This implies that the height of p1 + p4 equals 3 in T ⊗̂T . This can only
happen if the height one prime ideals in the set {p1, p4} each generate an element of infinite order
in the divisor class group of T ⊗̂T . Similarly, the height one prime ideals in the set {p2, p3} also
each generate an element of infinite order in the divisor class group of T ⊗̂T . This is precisely the
pathology that we wish to avoid.
Proposition 2.4. In addition to the hypotheses Hyp-1, Hyp-2 and Hyp-3 given in Proposition
2.2, suppose also that both Div(Y1) and Div(Y2)−Div(M) generate torsion elements in the divisor
group of T . Fix the symbol ✁✄ to denote either “>” or “<”.
Suppose we have the following equality of divisors in T :
Div(Y1)✁✄Div(Y2)−Div (M) .
Then, we have the following equality of divisors in R:
Div (Y1 ⊗̟ R)✁✄Div (Y2 ⊗̟ R) + Div
(
TorT1 (R,M)
)−Div (M⊗̟ R) .
Proof. Let the symbol ✁✄ denote >. The proof proceeds similarly when the symbol ✁✄ denotes
<. There exist a positive integer n and two non-zero elements ϑ1, ϑ2 in T such that we have the
following equality in the divisor group of T :
n ·Div(Y1) = Div(ϑ1), n · (Div(Y2)−Div(M)) = Div(ϑ2).
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Let Y1 = ⊕Y1, Y2 = ⊕Y2, and M = ⊕M denote direct sums of n copies of Y1, Y2 and M
respectively. We have the following equality in the divisor group of T :
Div(Y1) = Div(ϑ1), Div(Y2)−Div(M) = Div(ϑ2).(28)
Note that T -modules T(ϑ1) and T(ϑ2) have no non-zero pseudo-null submodules and have finite pro-
jective dimension. Proposition 2.2, applied to the equality of divisors appearing in (28), gives us
the following equality in the divisor group of R:
Div(Y1 ⊗R) = Div(̟(ϑ1)), Div(Y2 ⊗R) + Div
(
TorT1 (R,M)
)−Div(M⊗R) = Div(̟(ϑ2))
Since Div(ϑ1) > Div(ϑ2) and T is integrally closed, there exists an element z ∈ T , not a unit, such
that ϑ1 = z · ϑ2. Since ̟ : T → R is a map of local rings, we get that ̟(z) is not a unit in R.
Combining these observations, we have ̟(ϑ1) = ̟(z) · ̟(ϑ2) and that ̟(z) is not a unit in R.
Hence, we obtain the following inequality in the divisor group of R:
Div(̟(ϑ1)) > Div(̟(ϑ2))
=⇒ n · Div(Y1 ⊗R) > n ·
(
Div(Y2 ⊗R) + Div
(
TorT1 (R,M)
)−Div(M⊗R)).
This completes the proof of the Proposition since n is positive. 
2.2. Projective Dimensions
Let G be a profinite group. Let M be a finitely generated free R-module on which there is a
T -linear continuous G-action. Let N = M⊗T T̂ . Since N∨ is isomorphic to HomT (M,T ) as an
T -module, N∨ is also a free T -module. Let S be a multiplicative set in T . Let W0 = H0(G,N )∨,
W1 = H1(G,N )∨ and W2 = H2(G,N )∨. We would like to thank Jan Nekovář for indicating to us
on how these projective dimensions can be examined.
Proposition 2.5. Suppose the following conditions hold:
(1) The p-cohomological dimension cdp(G) of G is less than or equal to 2.
(2) S−1W2 has finite projective dimension.
Then, S−1W0 has finite projective dimension over S−1T if and only if S−1W1 has finite projective
dimension over S−1T .
Proof. Proposition 5.2.7 and Corollary 5.2.9 in [33] give us the following isomorphisms for all i ≥ 0:
H i(G,N )∨ ∼= TorT1[[G]]i
(T ,N∨) .
Let IG denote the augmentation ideal in T [[G]]. We have the short exact sequence of T [[G]]-modules
0→ IG → T [[G]]→ T → 0.(29)
Tensoring this short exact sequence by N∨, we obtain an exact sequence
0︸︷︷︸
Tor
T [[G]]
1 (T [[G]],N
∨)
→ TorT [[G]]1 (T ,N∨)︸ ︷︷ ︸
H1(G,N )∨
→(30)
→ TorT [[G]]0 (IG ,N∨)︸ ︷︷ ︸
IG⊗T [[G]]N
∨
→ TorT [[G]]0 (T [[G]],N∨)︸ ︷︷ ︸
N∨
→
→ TorT [[G]]0 (T ,N∨)︸ ︷︷ ︸
∼=H0(G,N )∨
→ 0,
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and for each i ≥ 1, an isomorphism
Tor
T [[G]]
i+1
(T ,N∨)︸ ︷︷ ︸
Hi+1(G,N )∨
∼= TorT [[G]]i
(IG ,N∨) .
By Corollary 5.2.13 in [33], the projective dimension of T as an T [[G]]-module is equal to cdp(G)
(which is assumed to be less than or equal to 2). By (29), the projective dimension of the aug-
mentation ideal IG over the ring T [[G]] is less than or equal to 1. Consider a projective resolution
0→ P1 → P0 → IG → 0 of T [[G]]-modules for the augmentation ideal IG . Tensoring with N∨, we
obtain the following exact sequence:
0→ TorT [[G]]1
(IG,N∨)→ P1 ⊗T [[G]] N∨ → P0 ⊗T [[G]] N∨ → IG ⊗T [[G]] N∨ → 0.
The T -modules P1 ⊗T [[G]] N∨ and P0 ⊗T [[G]] N∨ are direct summands of free T -modules (since
P1 and P0 are direct summands of free T [[G]]-modules) and hence they are projective T -modules.
Combining this observation with the fact that S−1W2 (which equals S−1TorT [[G]]1 (IG,N∨)) has
finite projective dimension over S−1T , we can conclude that S−1(IG ⊗T [[G]] N∨) also has finite
projective dimension over S−1T . These observations along with (30) then complete the proof of the
Proposition. 
3. Control theorems
Let R1 and R2 be two integrally closed local domains that are finite extensions of Zp[[u1, . . . , un]]
and Zp[[v1, . . . , vm]] respectively. Consider a ring map R1 → R2 such that R2 is finitely generated
as an R1-module. Note that R1 and R2 are profinite rings. Let G be a profinite group. Let M
be a finitely generated R1-module with a continuous R1-linear (left) action of G. In this way, M
obtains an action of the completed group ring R1[[G]]. Let us define the following modules:
DR1 :=M⊗R1 R̂1, DR2 :=M⊗R1 R̂2, CR1 := D∨R1 , CR2 := D∨R2 .
We also have the following isomorphisms:
DR2 ∼=M⊗R1 R2 ⊗R2 R̂2,
CR1 ∼= HomR1 (M,R1) , CR2 ∼= HomR1 (M,R2) ∼= HomR2 (M⊗R1 R2,R2) .
The last two isomorphisms are obtained by applying Hom-Tensor adjunction. Note that if M is
a free R1-module, then so is CR1 . Pontryagin duality (see Theorem 2.6.9 in [33]) also gives us the
isomorphism H0(G,DR1)∨ ∼= H0(G, CR1). Here, the R1-module H0(G, CR1) denotes the maximal
quotient of CR1 on which G acts trivially. We now state the proposition which we will use to obtain
our control theorems. In this proposition, we shall also frequently consider R1 and R2 as G-modules
with the trivial G-action.
We will need to consider the notion of pseudo-compact modules as defined in [3]. Consider the
following categories:
CATR1[[G]] : category of pseudo-compact R1[[G]]-modules, CATR1 : category of pseudo-compact R1-modules,
CATR2[[G]] : category of pseudo-compact R2[[G]]-modules, CATR2 : category of pseudo-compact R2-modules.
Let i ∈ {1, 2}. The completed tensor product —⊗Ri[[G]]— over the group ring Ri[[G]] and its higher
derived functors given below are described in Chapter V, Section 2 in [33]. Consider the following
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commutative diagram and the following functors:
CATR1[[G]]
F1
//
R2[[G]]⊗R1[[G]](—)

CATR1
R2⊗R1 (—)

CATR2[[G]]
F2
// CATR2
F1(—) = R1 ⊗R1[[G]] —, F2(—) = R2 ⊗R2[[G]] —.
Note that there is a forgetful functor from CATRi to the category of Ri-modules. The forgetful
functor is an exact functor. Suppose M′ and M′′ are finitely generated Ri-modules. The tensor
product M′ ⊗Ri M′′ in CATRi , in fact, coincides with the usual tensor product in the category of
Ri-modules (via the forgetful functor) (see Proposition 5.5.3 in [34]). Note that, for each positive
integer n, the Ri-module Rni is a projective object in CATRi and in the category of Ri-modules.
One can use this observation and the construction of the higher derived functors (for example, see
Chapter 6 in [34]) to make the following deduction: for each non-negative integer j, the higher
derived functors TorRij (M′, M′′) in CATRi , also coincides with the higher derived functors of
the usual tensor product in the category of Ri-modules (via the forgetful functor). We shall use
this observation to view the Ri-module TorRij (M′, M′′) in both CATRi and in the category of
Ri-modules.
Proposition 3.1. Let M be a free R1-module. We have the following exact sequence:
TorR12
(R2, H0(G,DR1 )∨)→ H1(G,DR1)∨ ⊗R1 R2 → H1(G,DR2)∨ → TorR11 (R2, H0(G,DR1)∨)→ 0.(31)
Proof. We begin with the following isomorphism:
R2 ⊗R1
(R1 ⊗R1[[G]] CR1) ∼= R2 ⊗R1[[G]] CR1 ∼= R2 ⊗R2[[G]] (R2[[G]] ⊗R1[[G]] CR1) .
Corollary 5.8.4 in [40] gives us the following spectral sequences:
TorR1i
(
R2,TorR1[[G]]j (R1, CR1)
)
=⇒ TorR1[[G]]i+j (R2, CR1) .(32)
Tor
R2[[G]]
i
(
R2,TorR1[[G]]j (R2[[G]], CR1)
)
=⇒ TorR1[[G]]i+j (R2, CR1)(33)
The first spectral sequence (32) gives us the exact sequence:
TorR12
(
R2,TorR1[[G]]0 (R1, CR1)
)
→R2 ⊗R1 TorR1[[G]]1 (R1, CR1)→(34)
→ TorR1[[G]]1 (R2, CR1)→ TorR11
(
R2,TorR1[[G]]0 (R1, CR1)
)
→ 0.
The second spectral sequence (32) gives us the exact sequence:
Tor
R2[[G]]
2
(R2,R2[[G]] ⊗R1[[G]] CR1)→R2 ⊗R2[[G]] TorR1[[G]]1 (R2[[G]], CR1)→
→ TorR1[[G]]1 (R2, CR1)→ TorR2[[G]]1
(R2,R2[[G]] ⊗R1[[G]] CR1)→ 0.
According to Lemma 4.5 in [3], R1[[G]] is a projective object in CATR1 . Also, since R2 is a finitely
generated R1-module, we have R2[[G]] ∼= R2 ⊗R1 R1[[G]] (for example, see Lemma 5.5.1 in [34]).
By (a slight modification of the) flat base change theorems for the Tor functor (Proposition 3.2.9
in [40]), we obtain the following isomorphism for all i ≥ 0:
Tor
R1[[G]]
i (R2[[G]], CR1) ∼= TorR1i (R2, CR1) .
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Both these modules are zero whenever i ≥ 1 since CR1 is a freeR1-module. So, we have the following
isomorphisms:
Tor
R1[[G]]
1 (R2, CR1) ∼= TorR2[[G]]1
(R2,R2[[G]] ⊗R1[[G]] CR1) ∼= TorR2[[G]]1 (R2,R2 ⊗R1 CR1) .
Since M is a free R1-module, we have the following G-equivariant isomorphisms:
CR2 ∼= HomR1 (M,R2) ∼= HomR1 (M,R1)⊗R1 R2 ∼= CR1 ⊗R1 R2 ∼= R2 ⊗R1 CR1 .
We obtain the following isomorphism:
Tor
R1[[G]]
1 (R2, CR1) ∼= TorR2[[G]]1 (R2, CR2) .(35)
Proposition 5.2.7 and Corollary 5.2.9 in [33] give us the following isomorphisms for all i ≥ 0:
H i(G,DR1)∨ ∼= TorR1[[G]]i (R1, CR1) , H i(G,DR2)∨ ∼= TorR2[[G]]i (R2, CR2) .
The above isomorphisms along with (34) and (35) complete the proof of the Proposition. 
We will now work with the ring map ̟ : T → R and all the notations and hypotheses given in
the beginning of Section 2. Note that the group Γp is defined to be the quotient Gal(Qp/Qp)/Ip,
where Ip denotes the inertia subgroup at p. Suppose there is an T -linear action of Γp on a finitely
generated T -module M, we will let MΓp denote the maximal quotient of M on which Γp acts
trivially. Since Γp is topologically generated by the Frobenius Frobp, we can identify MΓp with the
cokernel of the natural map M Frobp−1−−−−−→M.
Proposition 3.2. For all i ≥ 1, suppose that the R-modules
TorTi
(R, H0(GΣ,D̺)∨) , TorTi
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
are torsion. The R-module SelΣ0̟◦̺(Q)∨ is torsion if and only if the height one prime ideal ker(̟)
in T does not belong to the support of the T -module SelΣ0̺ (Q)∨.
Suppose that the R-module SelΣ0̟◦̺(Q)∨ is torsion. In addition, we shall make the following
assumptions:
(1) Suppose Q is a height two prime ideal in T containing ker(̟) and in the support of the T -
module H0(GΣ,D̺)∨ or H0
(
Ip,
D̺
Fil+D̺
)∨
. Then, the 2-dimensional local ring TQ is regular
and RQ =
(
T
ker(̟)
)
Q
.
(2) The global-to-local map φΣ0̟◦̺ defining the non-primitive Selmer group Sel
Σ0
̟◦̺(Q) is surjective.
Under these assumptions, we have the following equality of divisors in R:
Div
(
SelΣ0̺ (Q)
∨
⊗T R
)
+Div
(
TorT1
(
R,H0(GΣ,D̺)
∨
))
= Div
(
SelΣ0̟◦̺(Q)
∨
)
+Div
(
TorT1
(
R,H0
(
Ip,
D̺
Fil+D̺
)∨)
Γp
)
.
Proof. We begin by first proving that the following R-modules are pseudo-null:
TorT2
(R, H0(GΣ,D̺)∨) , TorT2
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
.(36)
LetQ be a height two prime ideal in T containing ker(̟). It is enough to show that the localizations
at the prime idealQ of the T -modules given in equation (36) vanish. Further, it is enough to consider
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the case when Q belongs to the support of H0(GΣ,D̺)∨ or H0
(
Ip,
D̺
Fil+D̺
)∨
. Observe that we have
the following isomorphisms:
TorT2
(
R,H0(GΣ,D̺)
∨
)
Q
∼= Tor
TQ
2
(
RQ,
(
H0(GΣ,D̺)
∨
)
Q
)
∼= Tor
TQ
2
(
TQ
ker(̟)Q
,
(
H0(GΣ,D̺)
∨
)
Q
)
.
(37)
TorT2
(
R,H0
(
Ip,
D̺
Fil+D̺
)∨)
Q
∼= Tor
TQ
2
(
RQ,
(
H0
(
Ip,
D̺
Fil+D̺
)∨)
Q
)
∼= Tor
TQ
2
(
TQ
ker(̟)Q
,
(
H0
(
Ip,
D̺
Fil+D̺
)∨)
Q
)
.
The hypotheses in the proposition tell us that TQ is a regular local ring and hence a UFD. The
height one prime ideal ker(̟)Q generates a principal ideal inside TQ. This forces the projective
dimension of the TQ-module TQker(̟)Q to equal 1 . The modules appearing in equation (37) must thus
vanish. This proves the claim that the R-modules appearing in (36) are pseudo-null. As a result,
for every height one prime ideal q of R, we have
TorT2
(R, H0(GΣ,D̺)∨)⊗R Rq ∼= TorT2
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
⊗R Rq ∼= 0.(38)
We now claim that the rows of the following commutative diagram are exact in dimension one
(see Appendix A for the definition of a sequence that is exact in dimension one):
(
H1
(
Ip,
D̺
Fil+D̺
)∨
⊗T R
)
Γp

g1 //
(
H1
(
Ip,
D̟◦̺
Fil+D̟◦̺
)∨)
Γp
g2 //
(
φ
Σ0
̟◦̺
)
∨

TorT1
(
R,H0
(
Ip,
D̺
Fil+D̺
)∨)
Γp
//
u

0
0 // H1(GΣ,D̺)
∨ ⊗T R // H
1(GΣ,Dπ◦̺)
∨ // TorT1
(
R,H0(GΣ,D̺)
∨
)
→ 0.
(39)
Proposition 3.1 immediately lets us obtain that the bottom row of the commutative diagram (39) is
exact in dimension one. To see why the top row of the commutative diagram (39) is exact in dimen-
sion one, one needs to use Proposition 3.1, the fact that the R-module TorT2
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
is pseudo-null, Lemma A.1 and analyze the following commutative diagram:
TorT2
(
R, H0
(
Ip,
D̺
Fil+D̺
)
∨
)
//
Frobp−1

H1
(
Ip,
D̺
Fil+D̺
)
∨
⊗T R //
Frobp−1

H1
(
Ip,
D̟◦̺
Fil+D̟◦̺
)
∨
//
Frobp−1

TorT1
(
R, H0
(
Ip,
D̺
Fil+D̺
)
∨
)
//
Frobp−1

// 0
TorT2
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
// H1
(
Ip,
D̺
Fil+D̺
)∨
⊗T R // H
1
(
Ip,
D̟◦̺
Fil+D̟◦̺
)∨
// TorT1
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
// 0
Since, for each i ≥ 1, the R-modules TorTi
(R,H0(GΣ,D̺)∨) and TorTi (R,H0 (Ip, D̺Fil+D̺)∨
)
are
torsion, we have
TorTi
(R, H0(GΣ,D̺)∨)⊗R Frac(R) ∼= TorTi
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
⊗R Frac(R) ∼= 0.
Localizing all the modules in the commutative diagram (39) at the zero prime ideal (0) of R, we
get the following isomorphism:(
SelΣ0̺ (Q)
∨ ⊗T R
)⊗R Frac(R) ∼=−→ (SelΣ0̟◦̺(Q)∨)⊗R Frac(R).
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Therefore, we have the following implications:
SelΣ0̟◦̺(Q)
∨ is R-torsion ⇐⇒ (SelΣ0̟◦̺(Q)∨)⊗R Frac(R) = 0
⇐⇒ (SelΣ0̺ (Q)∨ ⊗T R)⊗R Frac(R) = 0
⇐⇒ The ideal ker(̟) is not in the support of (SelΣ0̺ (Q)∨ ⊗T R)
⇐⇒ The ideal ker(̟) is not in the support of SelΣ0̺ (Q)∨ (Nakayama’s Lemma).
This observation gives us the first part of the proposition.
Now let us suppose that ker(̟) does not belong to the support of the T -module SelΣ0̺ (Q)∨.
Localizing all the modules in the commutative diagram (39) at every height one prime ideal q of R
and using the Snake Lemma, we obtain the following short exact sequence:
0→ ker(u)q →
(
SelΣ0̺ (Q)
∨ ⊗T R
)
q
→ (SelΣ0̟◦̺(Q)∨)q → (coker(u))q → 0.
Note that assumption (2) tells us that the global-to-local map φΣ0̟◦̺ is surjective. So, the induced
map
(
φΣ0̟◦̺
)∨
on the Pontryagin duals is injective. We get the following equality in the divisor group
of R:
Div
(
ker(u)
)
+Div
(
SelΣ0̟◦̺(Q)
∨
)
= Div
(
SelΣ0̺ (Q)
∨ ⊗T R
)
+Div
(
coker(u)
)
.(40)
The exact sequence of torsion R-modules
0→ ker(u)→ TorT1
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
Γp
u−→ TorT1
(R, H0(GΣ,D̺)∨)→ coker(u)→ 0,
gives us the following equality of divisors in R:
Div
(
ker(u)
)
+Div
(
TorT1
(R, H0(GΣ,D̺)∨)) = Div(TorT1
(
R, H0
(
Ip,
D̺
Fil+D̺
)∨)
Γp
)
+Div
(
coker(u)
)
.
(41)
Combining equations (40) and (41), we get the desired equality of divisors stated in the proposition.

4. Theorem 2
4.1. The setup in Dasgupta’s factorization
We will follow the summary of Hida’s works ([19], [20], etc) given in Section 2 of the paper by
Emerton, Pollack and Weston [7].
Remark 7. We would like to make a remark about the hypotheses IRR and p-Dis. In general, the
Galois representation, associated to the Hida family F , is only known to take values in the fraction
field of R. The hypothesis IRR allows us to find an integral model for that Galois representation.
See Proposition 2.2.7 in [7]. Similarly, in general (without assuming the validity of p-Dis), one only
has a Gal(Qp/Qp)-equivariant filtration (similar to the one given in Fil-ρF below) over the fraction
field of R. See Proposition 2.2.9 in [7].
Due to the hypothesis p-Dis, we have the following short exact sequence of free R-modules that
is Gal(Qp/Qp)-equivariant:
0→ Fil+LF → LF → LF
Fil+LF
→ 0.(Fil-ρF )
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Here Fil+LF and
LF
Fil+LF
are free R-modules of rank 1.
• We let δF : Gal(Qp/Qp)→ R× denote the action of Gal(Qp/Qp) on Fil+LF .
• We let ǫF : Gal(Qp/Qp) → R× denote the action of Gal(Qp/Qp) on LFFil+LF . Here, the
character ǫF is unramified at p and ǫF (Frobp) = ap(F ).
• Theorem 2.2.1 in [7] describes the following properties of the determinant of the Galois
representation ρF :
Image (det(ρF )) ⊂ O[[x]], Image (det(ρF )) ( O, ker(det(ρF )) = Gal(QΣ/H∞),(42)
where H∞ is a finite extension of the cyclotomic Zp extension Q∞.
To the Galois representations ρ4,3 : GΣ → GL4(T [[Γ]]) and π ◦ ρ4,3 : GΣ → GL4(R[[Γ]]), we
associated the following modules:
L4,3 := HomT (LF ⊗i1 T,LF ⊗i2 T ) (χ)⊗T T [[Γ]](κ
−1), Lπ := HomR (LF , LF ) (χ)⊗R R[[Γ]](κ
−1),
Fil+L4,3 := HomT
(
LF ⊗i1 T,Fil
+LF ⊗i2 T
)
(χ)⊗T T [[Γ]](κ
−1), Fil+Lπ := HomR
(
LF ,Fil
+LF
)
(χ)⊗R R[[Γ]](κ
−1),
L4,3
Fil+L4,3
∼= HomT
(
LF ⊗i1 T,
LF
Fil+LF
⊗i2 T
)
(χ)⊗T T [[Γ]](κ
−1),
Lπ
Fil+Lπ
∼= HomR
(
LF ,
LF
Fil+LF
)
(χ)⊗R R[[Γ]](κ
−1).
We get the following filtrations associated to ρ4,3 and π ◦ ρ4,3:
0→ Fil+L4,3 → L4,3 → L4,3
Fil+L4,3
→ 0.(Fil-ρ4,3)
0→ Fil+Lπ → Lπ → Lπ
Fil+Lπ
→ 0.(Fil-π ◦ ρ4,3)
Remark 8. Note that T [[Γ]] is a coproduct in the category of complete semi-local Noetherian O-
algebras (with respect to the maps i1(R) →֒ T [[Γ]], i2(R) →֒ T [[Γ]] and O[[Γ]] → T [[Γ]]). One can
consider the set C of all continuous O-algebra homomorphisms ϕ : T [[Γ]] → Qp that is defined
uniquely by considering the following maps:
i1(R)
∼=−→ R ϕ1−→ Qp, i2(R)
∼=−→ R ϕ2−→ Qp, ϕΓ : Γ→ Q×p .
Here, we allow the ring homomorphisms ϕ1 and ϕ2 to vary over all the classical specializations of
F subject to the following restriction on their weights:
weight(ϕ2) > weight(ϕ1) ≥ 2.
We also allow ϕΓ to vary over all the continuous group homomorphisms Γ → Q×p of finite order.
This set C, which is a subset of Homcont
(
T [[Γ]],Qp
)
, is called the critical set of specializations
(following Greenberg’s terminology in [10]) associated to ρ4,3. The p-adic L-function θ4,3 satisfies
an interpolation property that relates ϕ(θ4,3), for every ϕ ∈ C, to the value at s = 1 of a complex
L-function associated to the Galois representation ϕ ◦ ρ4,3.
One can also consider associating a Selmer group to ρ4,3 corresponding to the following filtration:
0→ G+L4,3 → L4,3 → L4,3
G+L4,3
→ 0, where G+L4,3 := HomT
(
LF
Fil+LF
⊗i1 T, LF ⊗i2 T
)
(χ)⊗ T [[Γ]](κ−1).
This filtration also ensures that ρ4,3 satisfies the “Panchishkin condition” (though one must modify
the critical set of specializations). In our arguments, it is essential that π ◦ρ4,3 does not inherit this
filtration.
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We also have the following short exact sequence of free R[[Γ]]-modules that is Gal(Qp/Qp)-
equivariant:
0→ HomR
(
LF
Fil+LF
,
LF
Fil+LF
)
(χ)⊗R R[[Γ]](κ
−1)→
Lπ
Fil+Lπ
→ HomR
(
Fil+LF ,
LF
Fil+LF
)
(χ)⊗R R[[Γ]](κ
−1)→ 0.
(43)
We have the 3-dimensional trace-zero adjoint representation Ad0(ρF ) : GΣ → GL3(R) associated
to ρF . Let Ad
0(LF ) denote the free R-module of rank 3 on which GΣ acts to let us obtain the
Galois representation Ad0(ρF ). We can consider the following free R-submodules of Ad
0(LF ) that
are Gal(Qp/Qp)-equivariant:
0 (FilevenAd0(LF )︸ ︷︷ ︸
Rank=1
( FiloddAd0(LF )︸ ︷︷ ︸
Rank=2
( Ad0(LF ),
where
FiloddAd0(LF ) = ker
(
HomR(LF , LF )
Res−−→ HomR
(
Fil+LF ,
LF
Fil+LF
))
∩Ad0(LF ),
FilevenAd0(LF ) = HomR
(
LF
Fil+LF
,Fil+LF
)
.
As Gal(Qp/Qp)-modules, we have
FilevenAd0(LF ) ∼= R(ǫ−1F δF ),
FiloddAd0(LF )
FilevenAd0(LF )
∼= R, Ad
0(LF )
FiloddAd0(LF )
∼= R(ǫF δ−1F ).
Let L3,2 denote the free R[[Γ]]-module on which GΣ acts to let us obtain ρ3,2 (which equals
Ad0(ρF )(χ) ⊗ κ−1). Let
Fil+L3,2 =
{
FilevenAd0(LF )(χ)⊗R R[[Γ]](κ−1), if χ is even.
FiloddAd0(LF )(χ)⊗R R[[Γ]](κ−1), if χ is odd
This gives us the filtration (which depends on the parity of χ) for ρ3,2.
0→ Fil+L3,2 → L3,2 → L3,2
Fil+L3,2
→ 0.(Fil-ρ3,2)
Our observations along with (43) lead us to the following short exact sequence:
0 −→ HomR
(
LF
Fil+LF
,
LF
Fil+LF
)
(χ)⊗R R[[Γ]](κ−1)︸ ︷︷ ︸
R[[Γ]](χκ−1)
−→(44)
−→ Lπ
Fil+Lπ︸ ︷︷ ︸(
Ad0(LF )
FilevenAd0(LF )
)
(χ)⊗RR[[Γ]](κ−1)
−→ HomR
(
Fil+LF ,
LF
Fil+LF
)
(χ)⊗R R[[Γ]](κ−1)︸ ︷︷ ︸(
Ad0(LF )
FiloddAd0(LF )
)
(χ)⊗RR[[Γ]](κ−1)
−→ 0.
The Pontryagin duals of the primitive and non-primitive Selmer group for ρ1,2 can be described
in terms of primitive and non-primitive classical Iwasawa modules. Such a description is detailed
in [9] and [13]. Let L1,2 equal R[[Γ]](χκ
−1). We let
Fil+L1,2 =
{
L1,2, if χ is even
0, if χ is odd.
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This gives us the filtration (which depends on parity of χ) for ρ1,2.
0→ Fil+L1,2 → L1,2 → L1,2
Fil+L1,2
→ 0.(Fil-ρ1,2)
Similar to (5), we also have the following isomorphism of R[[Γ]]-modules that is GΣ-equivariant:
Lπ ∼= L3,2 ⊕ L1,2.(45)
4.2. The proof of Theorem 2
First note that we have a commutative diagram (46) with the following properties: The top row
in (46) is exact. The bottom row in (46) is coexact in dimension one (see the definition of an coexact
in dimension one sequence in Appendix A).
0 // H1(GΣ, Dρ1,2)
φΣ0ρ1,2
// H1(GΣ, Dπ◦ρ4,3)
φ
Σ0
π◦ρ4,3
// H1(GΣ, Dρ3,2)
φΣ0ρ3,2
// 0
0 // H1
(
Ip,
Dρ1,2
Fil+Dρ1,2
)Γp
g1
// H1
(
Ip,
Dπ◦ρ4,3
Fil+Dπ◦ρ4,3
)Γp
g2
// H1
(
Ip,
Dρ3,2
Fil+Dρ3,2
)Γp
(46)
The exactness of the top row of (46) follows immediately from the decomposition (45) that lets us
obtain the following isomorphism:
H1(GΣ,Dπ◦ρ4,3)
∼= H1(GΣ,Dρ3,2)⊕H1(GΣ,Dρ1,2).(47)
We now show that the bottom row is coexact in dimension one. It is easier to first consider the case
when χ is even. In this case, (44) gives us the following implications:
Dρ1,2
Fil+Dρ1,2
= 0 =⇒ H1
(
Ip,
Dρ1,2
Fil+Dρ1,2
)Γp
= 0.(48)
Dπ◦ρ4,3
Fil+Dπ◦ρ4,3
∼= Dρ3,2
Fil+Dρ3,2
=⇒ H1
(
Ip,
Dπ◦ρ4,3
Fil+Dπ◦ρ4,3
)Γp
∼= H1
(
Ip,
Dρ3,2
Fil+Dρ3,2
)Γp
.
Now consider the case when χ is odd. Since the inertia group Ip has p-cohomological dimension
one, (44) lets us obtain the commutative diagram whose rows are exact.
H0
(
Ip,
Dρ3,2
Fil+Dρ3,2
)
Frobp−1

// H1
(
Ip,
Dρ1,2
Fil+Dρ1,2
)
Frobp−1

// H1
(
Ip,
Dπ◦ρ4,3
Fil+Dπ◦ρ4,3
)
Frobp−1

// H1
(
Ip,
Dρ3,2
Fil+Dρ3,2
)
Frobp−1

// 0
H0
(
Ip,
Dρ3,2
Fil+Dρ3,2
)
// H1
(
Ip,
Dρ1,2
Fil+Dρ1,2
)
// H1
(
Ip,
Dπ◦ρ4,3
Fil+Dπ◦ρ4,3
)
// H1
(
Ip,
Dρ3,2
Fil+Dρ3,2
)
// 0
The Frobenius Frobp is a topological generator for the pro-cyclic group Γp. Observe that we have
the following isomorphisms:
H0
(
Gal(Qp/Qp),
Dρ3,2
Fil+Dρ3,2
)
∼= H0
(
Γp, H
0
(
Ip,
Dρ3,2
Fil+Dρ3,2
))
∼= ker
(
H0
(
Ip,
Dρ3,2
Fil+Dρ3,2
)
Frobp−1−−−−−→ H0
(
Ip,
Dρ3,2
Fil+Dρ3,2
))
.
We will now show that
(A) H0
(
Ip,
Dρ3,2
Fil+Dρ3,2
)∨
is a torsion R[[Γ]]-module, and
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(B) H0
(
Gal(Qp/Qp),
Dρ3,2
Fil+Dρ3,2
)∨
is a pseudo-null R[[Γ]]-module.
These statements along with Lemma A.2 will then show that the bottom row of (46) is coexact
in dimension one. Statement (A) follows from Proposition 1.1. When χ is odd, Gal(Qp/Qp) acts
on
Dρ3,2
Fil+Dρ3,2
by the character δ−1F ǫFχκ
−1, which equals the character det(ρF )
−1κ−1χǫ2F . In this
case, the group Γp acts on H
0
(
Ip,
Dρ3,2
Fil+Dρ3,2
)∨
via ςǫ−2F , for some character ς of finite order. Ob-
serve also that ǫF (Frobp), which equals ap(F ), is not an element of O. This is because the value
that ap(F ) takes at classical specializations of F varies as one varies the weight (see Lemma 3.2
in [18]). Let Q be a prime ideal contained in the support of H0
(
Gal(Qp/Qp),
Dρ3,2
Fil+Dρ3,2
)∨
. The
prime ideal Q should contain the element ςǫ−2F (Frobp)−1, which is a non-zero element of R. Propo-
sition 1.1 tells us that there exists a monic polynomial h(s) in R[s] such that h(γ0) annihilates
H0
(
Gal(Qp/Qp),
Dρ3,2
Fil+Dρ3,2
)∨
. The prime ideal Q must also contain this element h(γ0). As a re-
sult, the height of the prime ideal Q must be at least two. Statement (B) also follows.
Taking the Pontryagin dual of all the modules in the commutative diagram (46) and considering
the localization with respect to the prime ideal (0) in R[[Γ]], we get the following isomorphism over
the fraction field of R[[Γ]]:
SelΣ0ρ3,2(Q)
∨ ⊗R[[Γ]] Frac(R[[Γ]])
∼=−→ SelΣ0π◦ρ4,3(Q)∨ ⊗R[[Γ]] Frac(R[[Γ]]).
We have used the fact that the R[[Γ]]-module SelΣ0ρ1,2(Q)
∨ is known to be torsion (see [25]) and
the fact that the global-to-local map φΣ0ρ1,2 defining the non-primitive Selmer group Sel
Σ0
ρ1,2
(Q) is
surjective (see Proposition 1.7). We have shown that the hypothesis AD−TOR holds if and only
if SelΣ0π◦ρ4,3(Q)
∨ is a torsion R[[Γ]]-module.
Suppose AD− TOR holds. Taking the Pontryagin dual of all the modules in the commutative
diagram (46) and considering the localizations with respect to every height one prime ideal p in
R[[Γ]], a snake lemma argument will yield the following short exact sequence:
0→
(
SelΣ0ρ3,2(Q)
∨
)
p
→
(
SelΣ0π◦ρ4,3(Q)
∨
)
p
→
(
SelΣ0ρ1,2(Q)
∨
)
p
→ 0.
We have once again used the fact that the R[[Γ]]-module SelΣ0ρ1,2(Q)
∨ is known to be torsion and
that the map φΣ0ρ1,2 is surjective. This gives us the following equality of divisors in R[[Γ]]:
Div
(
SelΣ0π◦ρ4,3(Q)
∨
)
= Div
(
SelΣ0ρ3,2(Q)
∨
)
+Div
(
SelΣ0ρ1,2(Q)
∨
)
.(49)
The decomposition in (45) also gives us the following isomorphism for all primes ν ∈ Σ0:
Loc(ν, π ◦ ρ4,3) ∼= Loc(ν, ρ3,2)⊕ Loc(ν, ρ1,2).
This completes the proof of Theorem 2.
Remark 9. Consider the following two special cases:
(1) When χ is even, (48) holds.
(2) When F is a CM-Hida family, we have the decomposition of Gal(Qp/Qp)-modules:
Dπ◦ρ4,3
Fil+Dπ◦ρ4,3
∼= Dρ3,2
Fil+Dρ3,2
⊕ Dρ1,2
Fil+Dρ1,2
.
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Following the proof of Theorem 2, it is in these cases that one can establish the following decom-
position of non-primitive Selmer groups:
SelΣ0π◦ρ4,3(Q)
∼= SelΣ0ρ3,2(Q)⊕ SelΣ0ρ1,2(Q).
5. Issues related to primitivity
5.1. Differences between primitive and non-primitive Selmer groups
Throughout this section, we will assume that the hypothesis AD− TOR holds. That is SelΣ0ρ3,2(Q)∨
is a torsion R[[Γ]]-module. The proof of Proposition 5.1 does not rely on Theorem 2 and Theorem 3.
Using Theorem 2 and Theorem 3, one can deduce that whenever the hypothesis AD− TOR is valid,
SelΣ0ρ4,3(Q)
∨ is a torsion T [[Γ]]-module. We would first like to observe that as a direct consequence
of Proposition 5.1, we have the following equality in the divisor group of T [[Γ]]:
Div
(
SelΣ0ρ4,3(Q)
∨
)
−
∑
ν∈Σ0
Div
(
Loc(ν, ρ4,3)
∨
)
= Div
(
Selρ4,3(Q)
∨
)−Div (H0(GΣ,D∗ρ4,3)∨) .
We have the following equalities in the divisor group of R[[Γ]]:
Div
(
SelΣ0ρ3,2(Q)
∨
)
−
∑
ν∈Σ0
Div
(
Loc(ν, ρ3,2)
∨
)
= Div
(
Selρ3,2(Q)
∨
)−Div (H0(GΣ,D∗ρ3,2)∨) .
Div
(
SelΣ0ρ1,2(Q)
∨
)
−
∑
ν∈Σ0
Div
(
Loc(ν, ρ1,2)
∨
)
= Div
(
Selρ1,2(Q)
∨
)−Div (H0(GΣ,D∗ρ1,2)∨) .
It is this observation that enables us to write the main conjectures MC-ρ4,3, MC-ρ3,2 and MC-ρ1,2
in terms of the non-primitive Selmer group (instead of the primitive Selmer group), the local factors
away from p and the primitive p-adic L-function, as mentioned in the introduction.
Proposition 5.1. We have the following exact sequence:
0→ Selρ1,2(Q)→ SelΣ0ρ1,2(Q)→
∏
ν∈Σ0
Loc(ν, ρ1,2)→ coker(φρ1,2)→ 0.(50)
In the divisor group of R[[Γ]], we have
Div
(
coker(φρ1,2)
∨
)
= Div
(
H0(GΣ,D
∗
ρ1,2
)∨
)
.
In addition if we assume AD− TOR holds, we also have the following exact sequences:
0→ Selρ4,3(Q)→ SelΣ0ρ4,3(Q)→
∏
ν∈Σ0
Loc(ν, ρ4,3)→ 0.(51)
0→ Selρ3,2(Q)→ SelΣ0ρ3,2(Q)→
∏
ν∈Σ0
Loc(ν, ρ3,2)→ coker(φρ3,2)→ 0.(52)
The map φρ4,3 is surjective. In the divisor group of T [[Γ]], we have
Div(H0(GΣ,D
∗
ρ4,3
)∨) = 0.
In the divisor group of R[[Γ]], we have
Div
(
coker(φρ3,2)
∨
)
= Div
(
H0(GΣ,D
∗
ρ3,2
)∨
)
.
The proof of Proposition 5.1 follows from Proposition 1.7 along with Lemmas 5.2 - 5.5.
Lemma 5.2 (Cokernel of φρ4,3). The map φρ4,3 is surjective. The T [[Γ]]-module H
0(GΣ,D
∗
ρ4,3
)∨ is
pseudo-null .
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Proof. Consider a character Ψ : GΣ → A(T )×. Here, A(T ) denotes the algebraic closure of the
fraction field of T . By Proposition 1.10 (and following the notations there), it suffices to show
H0(GΣ,Vρ∗4,3(Ψ))
?
= 0, where
Vρ∗4,3(Ψ) := HomA(T )
(
LF ⊗i2 A(T ), LF ⊗i1 A(T )(χ−1χpΨ)
)
.
Recall that T is an integral extension of O[[x1, x2]], where x1 and x2 are used to denote the “weight
variables”. Let σ1 : GΣ → GL2(A(T )) and σ2 : GΣ → GL2(A(T )) be the Galois representations given
by the action of GΣ on LF ⊗i1 A(T )(χ−1χpΨ) and LF ⊗i2 A(T ) respectively. The representations
σ1 and σ2 are both irreducible. We will simply show that that the semi-simplifications of σ1 |Ip and
σ2 |Ip are not the same.
• Let σ2 |Ip denote the restriction of σ2 to the inertia subgroup at p. The semisimplification
of σ2 |Ip is a direct sum of two characters: i2 ◦ δF and the trivial character. By (42), the
image of the character i2 ◦ δF lies inside O[[x2]] but not inside O.
• Let σ1 |Ip denote the restriction of σ1 to the inertia subgroup at p. The semisimplification
of σ1 |Ip is a direct sum of two characters: (i1 ◦δF )χ−1χpΨ and χ−1χpΨ. By (42), the image
of i1 ◦ δF lies inside O[[x1]] but not inside O.
Note that O[[x1]] ∩ O[[x2]] = O. As a result, both the ratios (i1◦δF )χ
−1χpΨ
χ−1χpΨ
and
χ−1χpΨ
(i1◦δF )χ−1χpΨ
are
valued in O[[x1]] and hence cannot equal
i2◦δF
1 . So, the semi-simplifications of σ1 |Ip and σ2 |Ip
cannot be isomorphic. Consequently, σ1 and σ2 cannot be isomorphic as GΣ-representations over
A(T ). Using these observations, we can now conclude that H0(GΣ,Vρ∗4,3(Ψ)) = 0. 
Lemma 5.3 (Cokernel of φρ1,2). In the divisor group of R[[Γ]], we have the following equality:
Div
(
coker(φρ1,2)
∨
)
= Div
(
H0(GΣ,D
∗
ρ1,2
)∨
)
.
Proof. Since χ is a finite character, it is possible to write χ as the product ς · τ , where the two
characters ς and τ are described below.
• ς : GΣ → O× is a finite character such that Qker(ς) ∩Q∞ = Q.
• τ : GΣ ։ Γ→ R[[Γ]]× is a finite character that factors through Gal(Q∞/Q).
The cyclotomic character χp can be written as a product ωκ. Here ω : GΣ → O× is the Te-
ichmuller character and κ : GΣ ։ Γ
∼=−→ 1 + pZp →֒ O× is the natural Galois character that
factors through Γ. The Galois representation ρ∗1,2 equals ς
−1ωτ−1κκ. Note that the character
τ−1κκ : GΣ → R[[Γ]]× factors through Γ. First suppose ς−1ω is non-trivial. Then GΣ acts non-
trivially on Vς−1ωΨ, for all characters Ψ : GΣ → A(R)× that factor through Γ. Here, A(R) is the
algebraic closure of the fraction field of R and Vς−1ωΨ is the one-dimensional A(R) vector space
on which GΣ acts by ς
−1ωΨ. By Proposition 1.10, the map φρ1,2 is surjective and H
0(GΣ,D
∗
ρ1,2
)∨
is a pseudo-null R[[Γ]]-module. Hence in this case, Div
(
coker(φρ1,2)
∨
)
= Div
(
H0(GΣ,D
∗
ρ1,2
)∨
)
= 0.
Now let us suppose ς−1ω is trivial. In this case,
H0
(
GΣ,D
∗
ρ1,2
)∨
= H0
(
GΣ, R̂[[Γ]](τ
−1κκ)
)∨ ∼= R[[Γ]]
(τ−1κκ(γ0)− 1) .(53)
Also, Fil+Dρ1,2 equals zero since χ (which equals ωτ in this case) is an odd character. The inflation-
restriction exact sequence gives us the following equality:
H1
(
Γp,H
0
(
Ip,Dρ1,2
)) ∼= ker(H1(Gal(Qp/Qp),Dρ1,2) αp−→ H1 (Ip,Dρ1,2)Γp ).
35
The residual representation associated to ρ1,2 is ramified at p (since the residual representation asso-
ciated to the Teichmuller character ω is ramified at p). This lets us conclude that H0
(
Ip,Dρ1,2
)
= 0.
Hence, ker(αp) = 0. One can apply Proposition 1.7 to obtain the isomorphism coker(φρ1,2)
∨ ∼=
H1(GΣ, L
∗
1,2)tor. If ξ is a non-zero annihilator for H
1(GΣ, L
∗
1,2)tor, then so is ξ(τ
−1κκ(γ0) − 1).
Equation (12) gives us the following isomorphism of R[[Γ]]-modules:
coker(φρ1,2)
∨ ∼= H1(GΣ, L∗1,2)tor ∼=
(ξ)
(ξ)(τ−1κκ(γ0)− 1)
∼= R[[Γ]]
(τ−1κκ(γ0)− 1) .(54)
From equations (53) and (54), note that all the R[[Γ]]-modules appearing in (54) are isomorphic to
H0
(
GΣ,D
∗
ρ1,2
)∨
. As a result, we have Div
(
coker(φρ1,2)
∨
)
= Div
(
H0(GΣ,D
∗
ρ1,2
)∨
)
. 
Remark 10. Since we haven’t placed any restrictions on the Dirichlet character χ, note that Lemma
5.3 is valid for the cyclotomic deformation of any Dirichlet character. We shall use this fact to prove
Lemma 5.5.
The investigation of coker(φρ3,2) will depend on whether F is a CM-Hida family or not (see
section 3 of [24] for a definition of CM Hida families). If F is a not a CM Hida family, the adjoint
representation Ad0(ρF ) is absolutely irreducible over the fraction field of R. Using Corollary 1.11,
we have the following lemma:
Lemma 5.4 (Cokernel of φρ3,2 - Non CM-Hida family). Suppose F is not a CM Hida family.
• The R[[Γ]]-module H0(GΣ,D∗ρ3,2)∨ is pseudo-null.
• The map φρ3,2 is surjective.
Suppose now that F is a CM Hida family with complex multiplication by the imaginary quadratic
field K (where the prime p splits). In this case, ρF ∼= IndGQGK (ϕ), for some continuous character
ϕ : Gal(Q/K) → R× (see Proposition 3.2 in [24]). That is, we have the following isomorphism of
free R-modules that is GΣ-equivariant:
LF ∼= IndGQGK (R(φ)) .(55)
Let ε : Gal(Q/Q) → {±1} be the quadratic character associated to K. Let c denote any lift in
Gal(Q/Q) of the non-trivial element of Gal(K/Q). We define the character ϕc : Gal(Q/K) → R×
as follows -
ϕc(g) := ϕ(cgc−1), for all g ∈ Gal(Q/K).
Since the prime p splits in the imaginary quadratic field K, one can view the decomposition
group Gal(Qp/Qp) as a subgroup of Gal(Q/K). This observation along with (55) tells us that, for
a CM Hida-family, the Galois representation ρF splits locally at p. That is, we have the following
isomorphism of free R-modules that is Gal(Qp/Qp)-equivariant:
LF ∼= R(δF )⊕R(ǫF ).
As a result, we have
L3,2
Fil+L3,2
=
{
R[[Γ]](δ−1F ǫFχκ
−1)⊕R[[Γ]](χκ−1), if χ is even
R[[Γ]](δ−1F ǫFχκ
−1), if χ is odd
(56)
Let Ω : GΣ → GL2(R[[Γ]]) be the Galois representation given by IndKQ
(
ϕ
ϕc
)
. Let LΩ(χ)⊗κ−1 and
Lε(χ)⊗κ−1 denote the free R[[Γ]]-modules on which GΣ acts to let us obtain Ω(χ)⊗κ−1 and ε(χ)⊗κ−1.
Using (55), we have the following isomorphism of R[[Γ]]-modules that is GΣ-equivariant:
L3,2 ∼= LΩ(χ)⊗κ−1 ⊕ Lε(χ)⊗κ−1 .(57)
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One can form primitive Selmer groups SelΩ(χ)⊗κ−1(Q) and Selε(χ)⊗κ−1(Q) corresponding to the
following filtrations:
0→ Fil+LΩ(χ)⊗κ−1 → LΩ(χ)⊗κ−1 →
LΩ(χ)⊗κ−1
Fil+LΩ(χ)⊗κ−1
→ 0.(Fil-Ω(χ)⊗ κ−1)
0→ Fil+Lε(χ)⊗κ−1 → Lε(χ)⊗κ−1 →
Lε(χ)⊗κ−1
Fil+Lε(χ)⊗κ−1
→ 0.(Fil-ε(χ) ⊗ κ−1)
Here, we have Lε(χ)⊗κ−1 = R[[Γ]](εχκ
−1), and
Fil+LΩ(χ)⊗κ−1 := R[[Γ]](ǫ
−1
F δFχκ
−1), Fil+Lε(χ)⊗κ−1 :=
{
0, if χ is even
R[[Γ]](εχκ−1), if χ is odd
Locally, we have the following decomposition of freeR[[Γ]]-modules that isGal(Qp/Qp)-equivariant:
L3,2
Fil+L3,2
∼= LΩ(χ)⊗κ−1
Fil+LΩ(χ)⊗κ−1
⊕ Lε(χ)⊗κ−1
Fil+Lε(χ)⊗κ−1
.(58)
The decompositions (57) and (58) allow us to obtain the following isomorphisms:
Selρ3,2(Q) ∼= SelΩ(χ)⊗κ−1(Q)⊕ Selǫ(χ)⊗κ−1(Q), coker(φρ3,2) ∼= coker(φΩ(χ)⊗κ−1)⊕ coker(φε(χ)⊗κ−1).
Since ρF is absolutely irreducible, the 2-dimensional representation Ω is also absolutely irre-
ducible. By Corollary 1.11, the R[[Γ]]-module H0
(
GΣ,D
∗
Ω(χ)⊗κ−1
)∨
is pseudo-null. The isomor-
phism
H0
(
GΣ,D
∗
ρ3,2
) ∼= H0 (GΣ,D∗ε(χ)⊗κ−1)⊕H0 (GΣ,D∗Ω(χ)⊗κ−1) ,
then gives us the following equality in the divisor group of R[[Γ]]:
Div
(
H0
(
GΣ,D
∗
ρ3,2
)∨)
= Div
(
H0
(
GΣ,D
∗
ε(χ)⊗κ−1
)∨)
.
By Corollary 1.11, the map φΩ(χ)⊗κ−1 is surjective. This tells us that
coker(φρ3,2)
∼= coker(φε(χ)⊗κ−1).
Lemma 5.3 (see also Remark 10) gives us the following equality in the divisor group of R[[Γ]]:
Div
(
coker(φε(χ)⊗κ−1)
∨
)
= Div
(
H0(GΣ,D
∗
ε(χ)⊗κ−1)
∨
)
.
These observations give us the following lemma:
Lemma 5.5 (Cokernel of φρ3,2 - CM Hida family). In the divisor group of R[[Γ]], we have the
equality Div
(
H0(GΣ,D
∗
ρ3,2
)∨
)
= Div
(
coker(φρ3,2)
∨
)
.
5.2. Divisors associated to local factors away from p
Just as the main conjecture formulated in [10] relates the primitive p-adic L-function and the
primitive Selmer group, one should be able to formulate an equivalent conjecture relating the non-
primitive p-adic L-function and the non-primitive Selmer group. We avoid stating this conjecture
here since we avoid mentioning the non primitive p-adic L-function in this paper. For a description
of the non-primitive p-adic L-functions, the interested reader is referred to [5] (for the 4-dimensional
representation ρ4,3) and to [36] (for the 3-dimensional representation ρ3,2). The differences between
the non-primitive p-adic L-functions and the non-primitive Selmer groups can be described in terms
of Euler factors at primes ν ∈ Σ0. The divisors generated by these Euler factors are exactly equal to
the divisors generated by the local factors at primes ν ∈ Σ0 that came up in Proposition 5.1, while
studying the differences between the primitive and the non-primitive Selmer groups. The purpose of
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Proposition 5.6 is to calculate the divisors attached to these local factors at all primes ν ∈ Σ0. The
proof of Proposition 5.6 follows the proof of Proposition 2.4 in [16]. There is one slight difference.
In [16], the authors work with Galois groups over Q∞, while we work with Galois groups over Q.
LetR be an integrally closed local domain that is also a finite integral extension of Zp[[u1, . . . , un]].
Let ν be a non-archimedean prime in Σ0. Consider a continuous representation ̺ : Gal(Qν/Qν)→
GLd(R). Let L denote the underlying free R-module of rank d on which Gal(Qν/Qν) acts. Let
D = L ⊗R R̂. Let M = H1(Iν ,D)∨. By Proposition 3.3 in [11], the R-module M is torsion-free.
Let V =M⊗RK, where K denotes the fraction field of R. We shall let m equal the dimension of V
as a vector space over K. If we letW equal L⊗RK, local duality gives us the following isomorphism:
V ∼= H0
(
Iν ,Hom
(W,K(χp))).
We denote the Frobenius at the prime ν by Frobν . The Frobenius Frobν is a topological generator
for the Galois group Γν = Gal(Qν/Qν)/Iν . The Frobenius Frobν acts on the R-module M and
hence on the vector space V. Let B denote the m×m matrix that gives the action of Frobν on V.
Using local duality and the fact that Γν is pro-cyclic, we have the following isomorphisms:
M
(Frobν − 1)M
∼= H1(Γν ,M) ∼=
(
H1(Iν ,D)Γν
)∨
.(59)
Note that all of the R-modules, appearing in the isomorphisms given in (59), are isomorphic to
Loc(ν, ̺)∨. Consider the following hypothesis:
1-EV 1 is not an eigenvalue for the matrix B.
Assuming hypothesis 1-EV holds, we have the following short exact sequence:
0→M Frobν−1−−−−−→M→ H1(Γν ,M)→ 0.
If p is a height one prime ideal in R, then Rp is a DVR. Since the R-module M is torsion-free,
Mp is a free Rp-module of rank m. Using these observations, we obtain the following proposition:
Proposition 5.6. If 1-EV holds, we have the following equality in the divisor group of R:
Div
(
H1(Γν ,M)
)
= Div
(
H0(Γν ,H
1(Iν ,D))∨
)
= Div
(
m∏
i=1
(ei − 1)
)
,
where the values ei correspond to the eigenvalues of the matrix B.
Note that the hypothesis 1-EV holds if and only if H1(Γν ,M) is R-torsion. As a result of
Proposition 5.7 (which follows from Corollary 1.3), the hypothesis 1-EV does hold for ρ4,3, π ◦ ρ4,3,
ρ3,2 and ρ1,2. This completes the study of the divisors associated to the local factors at ν ∈ Σ0.
Proposition 5.7. Let ν ∈ Σ0 be a prime. The T [[Γ]]-module Loc(ν, ρ4,3)∨ is torsion. The R[[Γ]]-
modules Loc(ν, π ◦ ρ4,3)∨, Loc(ν, ρ3,2)∨ and Loc(ν, ρ1,2)∨ are also torsion.
6. Theorem 3
6.1. Finiteness of the projective dimension of SelΣ0ρ4,3(Q)
∨
Proposition 6.1. Suppose the Pontryagin dual of the non-primitive Selmer group SelΣ0ρ4,3(Q)
∨ is
T [[Γ]]-torsion. For every height two prime ideal Q containing the height one prime ideal ker(π) in
T [[Γ]], the projective dimension of SelΣ0ρ4,3(Q)
∨ ⊗T [[Γ]] T [[Γ]]Q as a T [[Γ]]Q-module is finite.
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Proof. Let Q be a height two prime ideal in T [[Γ]] containing the height one prime ideal ker(π). Let
S denote the multiplicative set T [[Γ]]\Q. The global-to-local map φΣ0ρ4,3 is surjective (see Proposition
1.7) which gives us the following short exact sequence:
0→

H1
(
Ip,
Dρ4,3
Fil+Dρ4,3
)Γp
∨
→ H1(GΣ, Dρ4,3)
∨
→ SelΣ0ρ4,3(Q)
∨
→ 0.
To prove the proposition, it will be sufficient to show that the localizations of
H1(GΣ, Dρ4,3)
∨,

H1
(
Ip,
Dρ4,3
Fil+Dρ4,3
)Γp
∨
at the multiplicative set S have finite projective dimension over S−1T [[Γ]].
The p-cohomological dimension of GΣ is less than or equal to 2 (Proposition 8.3.18 in [33]).
Also H2(GΣ,Dρ4,3) = 0 (Proposition 1.6). If S
−1
(
H0(GΣ,Dρ4,3)
∨
)
= 0, the projective dimen-
sion of S−1
(
H0(GΣ,Dρ4,3)
∨
)
over S−1T [[Γ]] is finite. By Proposition 1.1 and Lemma 1.16, if
S−1
(
H0(GΣ,Dρ4,3)
∨
)
is not zero, then S−1T [[Γ]] is a regular local ring. Finitely generated modules
over regular local rings have finite projective dimension. As a result, in this case too, the projective
dimension of S−1
(
H0(GΣ,Dρ4,3)
∨
)
over S−1T [[Γ]] is finite. By Proposition 2.5, the projective di-
mension of S−1
(
H1(GΣ,Dρ4,3)
∨
)
over S−1T [[Γ]] is also finite.
The p-cohomological dimension of Gal(Qp/Qp) is less than or equal to 2. Let Wi denote the
T [[Γ]]-module H i
(
Gal(Qp/Qp),
Dρ4,3
Fil+Dρ4,3
)∨
. Let V0 denote H
0
(
Ip,
Dρ4,3
Fil+Dρ4,3
)∨
. We have W2 = 0
(by Proposition 1.4). If S−1W0 = 0, then S
−1W0 has finite projective dimension over S
−1T [[Γ]].
By Proposition 1.1 and Lemma 1.16, if S−1W0 is not zero, then S
−1T [[Γ]] is a regular local ring.
As a result in this case too, S−1W0 has finite projective dimension over S
−1T [[Γ]]. By Proposition
2.5, the projective dimension of S−1W1 over S
−1T [[Γ]] is finite. Using a similar argument, we can
conclude that the projective dimension of S−1V0 over S
−1T [[Γ]] is finite. We have the following
short exact sequence:
0→ V Γp0 → V0
Frobp−1−−−−−→ V0 →W0 → 0.(60)
As a result of (60), the projective dimension of S−1
(
V
Γp
0
)
over S−1T [[Γ]] is also finite. Considering
the Pontryagin dual of the short exact sequence given by inflation-restriction, we get the following
short exact sequence:
0→

H1
(
Ip,
Dρ4,3
Fil+Dρ4,3
)Γp
∨
→W1 → V
Γp
0 → 0.
Our observations now let us conclude that the localization of
(
H1
(
Ip,
Dρ4,3
Fil+Dρ4,3
)Γp)∨
at the
multiplicative set S also has finite projective dimension over S−1T [[Γ]]. The proposition follows. 
6.2. Control theorem for the non-primitive Selmer group SelΣ0ρ4,3(Q)
To relate SelΣ0π◦ρ4,3(Q)
∨ to SelΣ0ρ4,3(Q)
∨ ⊗T [[Γ]] R[[Γ]], we can use Proposition 3.2.
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Proposition 6.2. SelΣ0π◦ρ4,3(Q)
∨ is a torsion R[[Γ]]-module if and only if the height one prime ideal
ker(π) in T [[Γ]] does not belong to the support of SelΣ0ρ4,3(Q)
∨.
Suppose SelΣ0π◦ρ4,3(Q)
∨ is a torsion R[[Γ]]-module. We have the following equality in the divisor
group of R[[Γ]]:
Div
(
SelΣ0ρ4,3(Q)
∨ ⊗T [[Γ]] R[[Γ]]
)
+Div
(
Tor
T [[Γ]]
1
(
R[[Γ]],H0(GΣ,Dρ4,3)
∨
))
= Div
(
SelΣ0π◦ρ4,3(Q)
∨
)
.
Proof. Let
M = H0(GΣ,Dρ4,3)
∨, N = H0
(
Ip,
Dρ4,3
Fil+Dρ4,3
)∨
.
To show that a finitely generated R[[Γ]]-module is torsion we will show that, as a T [[Γ]]-module, its
localization at the prime ideal ker(π) is zero. For all i ≥ 1, the R[[Γ]]-modules TorT [[Γ]]i (R[[Γ]],M)
and Tori (R[[Γ]], N) are torsion due the following isomorphisms:
Tor
T [[Γ]]
i (R[[Γ]],M)ker(π)
∼= TorT [[Γ]]ker(π)i
(
R[[Γ]]ker(π),Mker(π)
)
= 0.
Tor
T [[Γ]]
i (R[[Γ]], N)ker(π)
∼= TorT [[Γ]]ker(π)i
(
R[[Γ]]ker(π), Nker(π)
)
= 0.
To obtain the above isomorphisms, we have made use of Proposition 1.1 which provides a monic
polynomial h(s) in T [s] with the property that h(γ0) annihilates M and N . This element h(γ0) is
not in the kernel of the map π : T [[Γ]]→ R[[Γ]] and consequently
Mker(π) = Nker(π) = 0.
By Proposition 3.2, SelΣ0π◦ρ4,3(Q)
∨ is a torsion R[[Γ]]-module if and only if the height one prime ideal
ker(π) in T [[Γ]] does not belong to the support of SelΣ0ρ4,3(Q)
∨. Let us now verify the remaining
hypotheses given in Proposition 3.2. Any height two prime ideal Q containing ker(π) and in the
support of M or N would also have to contain h(γ0). By Lemma 1.16, for such a prime ideal Q, the
local ring T [[Γ]]Q would have to be regular. By Proposition 1.7, the global-to-local map defining the
non-primitive Selmer group SelΣ0π◦ρ4,3(Q) is surjective. These observations verify all the remaining
hypotheses given in Proposition 3.2. Since we will need one of the observations later, we state it
separately as a lemma.
Lemma 6.3. If Q is a height two prime ideal in T [[Γ]] containing ker(π) and in the support of the
T [[Γ]]-module N , then T [[Γ]]Q is a regular local ring.
To complete the proof of this Proposition using Proposition 3.2, it only remains to show the
following equality in the divisor group of R[[Γ]]:
Div
(
Tor
T [[Γ]]
1 (R[[Γ]], N)Γp
)
= 0.
In fact, we will prove that Tor
T [[Γ]]
1 (R[[Γ]], N) is a pseudo-null R[[Γ]]-module. To do so, let us
consider a height two prime ideal Q in T [[Γ]] containing ker(π). Let us assume for the sake of
contradiction that Q belongs to the support of Tor
T [[Γ]]
1 (R[[Γ]], N). It must then belong to the
support of N too because we have the following isomorphism:
Tor
T [[Γ]]
1 (R[[Γ]], N)Q
∼= TorT [[Γ]]Q1 (R[[Γ]]Q, NQ) .
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Note that this also forces h(γ0) to belong to Q. As a result, Q∩T must equal the height one prime
ideal given by the kernel of the map πF,F : T → R. The extension Tker(πF,F ) → T [[Γ]]Q is flat. By
flat base-change theorems for Tor (Proposition 3.2.9 in [40]), we have the following isomorphisms:
Tor
T [[Γ]]Q
1 (R[[Γ]]Q, NQ)
∼= TorT [[Γ]]Q1
(
T [[Γ]]Q
ker(π)Q
, NQ
)
(61)
∼= Tor
Tker(πF,F )⊗Tker(πF,F )
T [[Γ]]Q
1
(
Tker(πF,F )
ker(πF,F )
⊗Tker(πF,F ) T [[Γ]]Q, NQ
)
∼= TorTker(πF,F )1
(
Tker(πF,F )
ker(πF,F )
, NQ
)
.
The modules in equation (61) above are zero if NQ is a flat Tker(πF,F )-module. To obtain our
contradiction, and hence complete the proof of this proposition, it suffices to show that NQ is a flat
Tker(πF,F )-module.
Lemma 6.4. NQ is a flat Tker(πF,F )-module.
By NQ, we mean the localization of N at the multiplicative set T [[Γ]] \Q. By Nker(πF,F ), we will
mean the localization of N at the multiplicative set T \ ker(πF,F ). We have an inclusion of sets
T \ ker(πF,F ) ⊂ T [[Γ]] \Q. If we show that Nker(πF,F ) is a flat Tker(πF,F )-module, then NQ will turn
out to be a flat Tker(πF,F )-module as well. We shall show that Nker(πF,F ) is a free Tker(πF,F )-module
in the remaining part of the proof; this will complete the proof of the Proposition.
Lemma 6.5. Nker(πF,F ) is a free Tker(πF,F )-module
Let ηp be the unique prime above p in Q∞ and Iηp be the corresponding inertia subgroup.
Proposition 1.1 gives us the following isomorphism of T [[Γ]]-modules:
N = H0
(
Ip,
Dρ4,3
Fil+Dρ4,3
)∨
∼= H0
(
Iηp ,
DρF,F (χ)
Fil+DρF,F (χ)
)∨
.
Note that the discrete modules DρF,F (χ) and Fil
+DρF,F (χ), associated to the Galois representation
ρF,F (χ), are defined just as the discrete modules Dρ4,3 and Fil
+Dρ4,3 , associated to the Galois
representation ρ4,3, are defined. The description of these discrete modules given in Section 4, along
with the observation that the restrictions to Iηp of the characters κ and ǫF are trivial, let us obtain
the following Iηp - equivariant isomorphism of T -modules:(
DρF,F (χ)
Fil+DρF,F (χ)
)∨
∼= LF ⊗i1 T (χ−1),
Using Pontryagin duality (Theorem 2.6.9 in [33]), we get the following isomorphism of T -modules:
N ∼= H0
(
Iηp , LF ⊗i1 T (χ−1)
)
.
Here H0(Iηp , LF ⊗i1 T (χ−1)) denotes the maximal quotient of LF ⊗i1 T (χ−1) on which Iηp acts
trivially. For the free T -module LF ⊗i1 T (χ−1), one can choose a basis {e1, e2} such that the action
of every element g in Iηp is given by the 2 × 2 matrix
(
χ−1(g) det(ρF (g)) dg
0 χ−1(g)
)
. Here, dg is an
element of i1(R) for each element g in Iηp . Observe that by (42), the restriction of the character
det(ρF ) to Iηp is finite order (recall that ηp is a prime above p in the cyclotomic Zp extension Q∞).
Observe also that the character χ is of finite order. So there exists a closed subgroup I inside Iηp
of finite index such that for all g ∈ I , the action of g on LF ⊗i1 T (χ−1) (with respect to the basis
{e1, e2}) is given the 2× 2 matrix
(
1 dg
0 1
)
.
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Note that p /∈ ker(πF,F ) and hence p is invertible in Tker(πF,F ). The index [Iηp : I] is invertible
in Tker(πF,F ). By Lemma B.1 to show that Nker(πF,F ) is a free Tker(πF,F )-module, it is enough to
show that the localization of H0(I, LF ⊗i1 T (χ−1)) at the prime ideal ker(πF,F ) is a free Tker(πF,F )-
module. If the action of I on LF is decomposable, then the localization of H0(I, LF ⊗i1 T (χ−1))
at the prime ideal ker(πF,F ) is a free Tker(πF,F )-module of rank 2. Otherwise, the localization of
H0(I, LF ⊗i1 T (χ−1)) at the prime ideal ker(πF,F ) is a free Tker(πF,F )-module of rank 1. This
previous statement used the fact that every non-zero element of i1(R) is invertible in Tker(πF,F ).
The proposition follows. 
We shall now use the various lemmas stated in the proof of Proposition 6.2 to deduce results
concerning the pseudo-null submodules of SelΣ0ρ4,3(Q)
∨. Let us first consider the following implication
(which uses Pontryagin duality and the fact that the group Γp is topologically generated by Frobp):
N = H0
(
Ip,
Dρ4,3
Fil+Dρ4,3
)∨
=⇒ N [Frobp − 1] ∼= H1
(
Γp, H
0
(
Ip,
Dρ4,3
Fil+Dρ4,3
))∨
.
Let Q be a height two prime ideal in the support of N [Frobp − 1]. We shall now show that the
projective dimension of (N [Frobp − 1])Q over T [[Γ]]Q is less than or equal to one. Lemma 6.4 shows
us that NQ is a flat Tker(πF,F )-module. Consequently, it is also torsion-free over Tker(πF,F ). Since
Tker(πF,F ) is integrally closed, the 1-dimensional local ring Tker(πF,F ) is a discrete valuation ring.
We have (N [Frobp − 1])Q ⊂ NQ. So, the Tker(πF,F )-module (N [Frobp − 1])Q is also torsion-free. In
particular, none of the non-zero elements of (N [Frobp − 1])Q are annihilated by ker(πF,F ). Thus,
the maximal ideal generated by Q (which contains ker(πF,F )) inside the 2-dimensional local ring
T [[Γ]]Q cannot be an associated prime ideal for the module (N [Frobp − 1])Q. As a result,
depthT [[Γ]]Q (N [Frobp − 1])Q ≥ 1.
Lemma 6.3 tells us that since Q is in the support of N (as it is in the support of N [Frobp − 1]),
the local ring T [[Γ]]Q is regular. We can use the Auslander-Buchsbaum formula over the regular
local ring T [[Γ]]Q.
pdT [[Γ]]Q (N [Frobp − 1])Q + depthT [[Γ]]Q (N [Frobp − 1])Q = depthT [[Γ]]QT [[Γ]]Q = 2.
=⇒ pdT [[Γ]]Q (N [Frobp − 1])Q ≤ 1.
Now let us suppose that SelΣ0ρ4,3(Q)
∨ is a torsion T [[Γ]]-module. What we have shown is that if
the height two prime ideal Q containing ker(π) is in the support of N [Frobp−1], then the local ring
T [[Γ]]Q is regular. Our arguments have also shown that in this case, we have pdT [[Γ]]Q (N [Frobp − 1])Q ≤
1. See Exercise 4.1.2 in [40] on how projective dimensions behave in short exact sequences. Sup-
pose SelΣ0ρ4,3(Q)
∨ is a torsion T [[Γ]]-module. Note that the Galois representation ρ4,3 satisfies the
(p-critical) hypothesis. We have
pdT [[Γ]]Q (N [Frobp − 1])Q ≤ 1, pdT [[Γ]]Q
(
SelΣ0,strρ4,3 (Q)
∨
)
Q
≤ 1︸ ︷︷ ︸
by Proposition 1.12 and Proposition 1.14
=⇒ pdT [[Γ]]Q
(
SelΣ0ρ4,3(Q)
∨
)
Q
≤ 1︸ ︷︷ ︸
by Proposition 1.15
Now using Proposition 1.12, we can conclude that the T [[Γ]]Q-module
(
SelΣ0ρ4,3(Q)
∨
)
Q
has no non-
trivial pseudo-null submodules.
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If the height two prime ideal Q containing ker(π) is not in the support of N [Frobp − 1], we have
the following isomorphism (by Proposition 1.15):(
SelΣ0ρ4,3(Q)
∨
)
Q
∼=
(
SelΣ0,strρ4,3 (Q)
∨
)
Q
.
In this case too, by Proposition 1.14, the T [[Γ]]Q-module
(
SelΣ0ρ4,3(Q)
∨
)
Q
has no non-trivial pseudo-
null submodules. We have proved the following proposition:
Proposition 6.6. Suppose SelΣ0ρ4,3(Q)
∨ is a torsion T [[Γ]]-module. For every height two prime ideal
Q containing ker(π), the T [[Γ]]Q-module
(
SelΣ0ρ4,3(Q)
∨
)
Q
has no non-trivial pseudo-null submodules.
6.3. Control theorem for local factors away from p
Proposition 6.7. Let ν ∈ Σ0. We have the following equality in the divisor group of R[[Γ]]:
Div
(
Loc(ν, π ◦ ρ4,3)∨
)
= Div
(
Loc(ν, ρ4,3)
∨ ⊗T [[Γ]] R[[Γ]]
)
.
Proof. Let ην be a prime above ν in Q∞. Note that Γ equals Gal(Q∞/Q). Let Gην be a decom-
position group inside Gal(Q/Q∞) corresponding to the prime ην . Also, we let ∆ην denote the
decomposition group inside Gal(Q∞/Q) corresponding to the prime ην lying above ν. Note that
∆ην is isomorphic to Zp as a topological group and that the index [Γ : ∆ην ] is finite. We have the
following isomorphisms due to Proposition 1.2:
Loc(ν, π ◦ ρ4,3) ∼= IndΓ∆ηνH1(Gην ,DπF,F ◦ρF,F (χ)), Loc(ν, ρ4,3) ∼= IndΓ∆ηνH1(Gην ,DρF,F (χ)).
Furthermore, we have a natural map
α : H1
(
Gην ,DρF,F (χ)
)∨ ⊗T [[Γ]] R[[Γ]]→ H1 (Gην ,DπF,F ◦ρF,F (χ))∨ ,
that gives us the following map
α˜ : IndΓ∆ηνH
1
(
Gην ,DρF,F (χ)
)∨ ⊗T [[Γ]] R[[Γ]]︸ ︷︷ ︸
Loc(ν,ρ4,3)∨⊗T [[Γ]]R[[Γ]]
→ IndΓ∆ηνH1
(
Gην ,DπF,F ◦ρF,F (χ)
)∨
︸ ︷︷ ︸
Loc(ν,π◦ρ4,3)∨
.
To prove the proposition, we will show that the R[[Γ]]-modules ker(α˜) and coker(α˜) are pseudo-null.
Since ∆ην is of finite index in Γ, the ring R[[∆ην ]] is a finite integral extension of R[[Γ]]. These
observations tell us that to prove the proposition, it will be sufficient to prove that ker(α) and
coker(α) are pseudo-null R[[∆ην ]]-modules. From Corollary 1.3, we can deduce that there exists a
monic polynomial h(s) in R[s] such that h(γην ) annihilates both H
1
(
Gην ,DρF,F (χ)
)∨
⊗T [[Γ]] R[[Γ]]
and H1
(
Gην ,DπF,F ◦ρF,F (χ)
)∨
. Hence, h(γην ) annihilates both ker(α) and coker(α) too. Here, γην
is some chosen topological generator for the pro-cyclic group ∆ην . A prime ideal Q in R[[∆ην ]] that
contains a non-zero element of R and h(γην ) has height at least two. So, to prove the proposition, it
will now be sufficient to prove that there exists a non-zero element of R that annihilates both ker(α)
and coker(α). From Corollary 1.3, one can easily deduce that both ker(α) and coker(α) are finitely
generated R-modules. It will thus be sufficient to prove that both ker(α) and coker(α) are torsion
R-modules. Let S denote the multiplicative set T \ ker(πF,F ). Recall that the map πF,F : T → R
was obtained by sending an elementary tensor x ⊗ y in T to xy. Henceforth, we shall consider
ker(α) and coker(α) as modules over T instead; it will suffice to show that their localizations at the
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multiplicative set S equals zero. Also since R[[Γ]] ∼= T [[Γ]]⊗T R, we have the natural isomorphism
of R-modules:
H1
(
Gην ,DρF,F (χ)
)∨ ⊗T R ∼= H1 (Gην ,DρF,F (χ))∨ ⊗T [[Γ]] R[[Γ]]
The T -module LF,F is free. We have the following exact sequence due to Proposition 3.1:
TorT2
(
R, H0(Gην , DρF,F (χ))
∨
)→ H1 (Gην , DρF,F (χ))∨ ⊗T R α−→
α−→ H1 (Gην , DπF,F ◦ρF,F (χ))∨ → TorT1 (R,H0(Gην , DρF,F (χ))∨)→ 0.
The proposition would follow if we show that the localization of TorTi
(
R,H0(Gην ,DρF,F )
∨
)
at the
multiplicative set S equals zero, for each i ≥ 1. Since localization commutes with Tor (Proposition
3.2.9 in [40]), it will be sufficient to show that the localization of H0(Gην ,DρF,F )
∨ at the multiplica-
tive set S is a free S−1T -module.
Note that the extension Q∞/Q is unramified at ν. So, Iν ⊂ Gην . What we will now show is
that the localization of H0(Iν ,DρF,F (χ))
∨ at the multiplicative set S is a free S−1T -module. This
is sufficient for our purposes. To see why, let us suppose that the localization of H0(Iν ,DρF,F (χ))
∨
at the multiplicative set S is a free S−1T -module. The group Gην/Iν , which is isomorphic to
Gal(Qurν /Qν,∞), is of profinite order prime to p. Here, Qν,∞ denotes the cyclotomic Zp exten-
sion of Qν . The group of T -linear automorphisms AutT
(
H0(Iν ,DρF,F (χ))
∨
)
has an open pro-
p subgroup (see Lemma 4.5.5 in [34]). Also the image of Gal(Qurν /Qν,∞) inside the automor-
phism group AutT
(
S−1
(
H0(Iν ,DρF,F (χ))
∨
))
factors through its image inside the automorphism
group AutT
(
H0(Iν ,DρF,F (χ))
∨
)
. These observations indicate that the action of Gal(Qurν /Qν,∞) on
S−1
(
H0(Iν ,DπF,F (χ))
∨
)
factors through a finite group (say ̥) that is of order prime to p. Note
that one can use Lemma 3.2.2 in [39] (which one can view as an analog of Maschke’s theorem over
group rings, where the order of the finite group is invertible). This finally lets us conclude that
whenever the localization of H0(Iν ,DρF,F (χ))
∨ at the multiplicative set S is a free S−1T -module,
then so is the localization of H0(Gην ,DρF,F (χ))
∨ at the multiplicative set S. It thus remains to show
that the localization of H0(Iν ,DρF,F (χ))
∨ at the multiplicative set S is a free S−1T -module.
Observe also that p is invertible in the localization S−1T since p /∈ ker(πF,F ). In fact, for any
finite group ̥′, the order of ̥′ is invertible in S−1T . So, one can still use Lemma 3.2.2 in [39].
Our arguments above can be modified to show that whenever Iν acts on LF via a finite group (and
hence on D∨
ρF,F (χ)
too), the localization of H0(Iν ,DρF,F (χ))
∨ at the multiplicative set S is a free
S−1T -module. We shall thus assume that Iν acts on LF via an infinite group, say I . We keep the
following diagram in mind:
Qν
Qurν
Q
ker(ρF |Iν )
ν
I ∼= ∆0 ⋊ Pν , Pν denotes the p-sylow subgroup of I
By local class field theory, Pν ∼= Zp
∆0 : finite and of order prime to p
Γν
I
Let Υν be a topological generator for Pν . We will first argue that the two eigenvalues given by the
action of Υν on LF are the same. For the sake of contradiction, suppose that the eigenvalues were
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different (say a and b). Working over a quadratic extension K of Frac(R), if necessary, we shall
assume that we can find a basis {e1, e2} over K such that the action of Υν is given by a diagonal
matrix (with diagonal entries a and b). Let F˜robν be a lift in Gal(Q
ker(ρF |Iν )
ν /Qν) of Frobν . If we
let lν denote the characteristic of the residue field, local class field theory provides us the following
equality, for some element δ0 in ∆0:
δ0Υ
lν
ν δ
−1
0 = F˜robνΥνF˜robν
−1
The element ρF (δ
−1
0 F˜robν) belongs to the normalizer of the group of invertible diagonal matrices
and hence must act on the set {e1, e2}. It cannot act trivially on the set {e1, e2}, for otherwise a
and b would be roots of unity (since we would have a = alν and b = blν ) and the action of Iν on
LF would then have to factor through a finite group. If the element ρF (δ
−1
0 F˜robν) permutes the
elements of set {e1, e2}, then alν = b and blν = a. This once again forces a and b to be (two distinct)
roots of unity. This also contradicts the fact that the action of Iν on LF factors through an infinite
group. What we have thus shown is that the two eigenvalues for the action of Υν on LF are equal
(to c, say), if the action of Iν on LF factors through an infinite group.
We will choose a basis {e1, e2} over Frac(R) so that the action of Υν on LF ⊗R Frac(R) can
be given by an upper triangle matrix (whose diagonal entries are both equal to c). We have the
following isomorphism of free T -modules (of rank 4) that is Iν-equivariant:
D∨ρF,F (χ)
∼= HomT (LF ⊗i2 T,LF ⊗i1 T ) (χ−1).
Recall that T is an integral extension of O[[x1, x2]], where x1, x2 denote the weight variables. Note
that ker(πF,F ) ∩ O[[x1]] = {0} and ker(πF,F ) ∩ O[[x2]] = {0}. So, the fraction fields of i1(R)
and i2(R) should be contained inside the multiplicative set S. This allows us to choose a basis
{σe1,e1 , σe2,e1 , σe1,e2 , σe2,e2} for S−1
(
D∨ρF,F
)
over S−1T , where the elements σe1,e1 , σe2,e1 , σe1,e2 and
σe2,e2 in HomT (LF ⊗i2 T,LF ⊗i1 T ) are described below.
σe1,e1 :i2(e1)→ i1(e1), σe2,e1 : i2(e1)→ 0, σe1,e2 : i2(e1)→ i1(e2), σe2,e2 : i2(e1)→ 0,
i2(e2)→ 0. i2(e2)→ i1(e1). i2(e2)→ 0. i2(e2)→ i1(e2).
Note that since the action of Iν on LF factors through an infinite group, the action of Υν on
LF ⊗R Frac(R) is reducible but indecomposable. Since det(ρF |Iν ) is finite, the eigenvalue c has to
be a root of unity. Also, χ is of finite order. This allows us to find a positive integer n such that
the action of Υnν on LF ⊗R Frac(R) (with respect to the basis {e1, e2}) is given by the 2× 2 matrix(
1 d
0 1
)
, for some non-zero element d in Frac(R); and such that χ(Υnν ) = 1. The actions of Υ
n
ν
and Υnν − Id on S−1
(
D∨
ρF,F (χ)
)
(with respect to the basis described above) are then given by the
4× 4 matrices 

1 0 i1(d) 0
−i2(d) 1 −i1(d)i2(d) i1(d)
0 0 1 0
0 0 −i2(d) 1

 ,


0 0 i1(d) 0
−i2(d) 0 −i1(d)i2(d) i1(d)
0 0 0 0
0 0 −i2(d) 0


respectively. The elements i1(d), i2(d) and i1(d)i2(d) belong to the multiplicative set S, hence they
are invertible in S−1T . This lets us conclude that the localization of H0(Pnν ,DρF,F (χ))
∨ at S is a free
S−1T -module of rank 2. By Lemma B.1, the localization of H0(Iν ,DρF,F (χ))
∨ at the multiplicative
set S is also a free S−1T -module. The proposition follows.

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6.4. Proof of Theorem 3
The proof follows entirely by recalling results from earlier sections. Proposition 6.2 tells us that
ker(π) does not belong to the support of the T [[Γ]]-module SelΣ0ρ4,3(Q)
∨ if and only if the R[[Γ]]-
module SelΣ0π◦ρ4,3(Q)
∨ is torsion. Let us now assume that the R[[Γ]]-module SelΣ0π◦ρ4,3(Q)
∨ is torsion.
Let θ4,3 equal
n
d
, for two non-zero elements n and d in T [[Γ]]. Without loss of generality, we shall
assume that n, d and π(n) are non-zero. Following the notations of Proposition 2.2, we let
Y1 =
T [[Γ]]
(n)
⊕
(⊕ν∈Σ0Loc(ν, ρ4,3)∨) , Y2 =
T [[Γ]]
(d)
⊕ SelΣ0ρ4,3(Q)∨, M = H0(GΣ, Dρ4,3)∨.
Let us now verify the hypotheses given in Proposition 2.2. We will need to show that Y1 and
Y2 satisfy No-PN and Fin-Proj. The T [[Γ]]-modules
T [[Γ]]
(n) and
T [[Γ]]
(d) clearly satisfy No-PN and
Fin-Proj. For every prime ν ∈ Σ0, Proposition 1.13 asserts that Loc(ν, ρ4,3)∨ satisfies No-PN.
Corollary 1.3 and Lemma 1.16 assert that Loc(ν, ρ4,3)
∨ satisfies Fin-Proj. Proposition 6.6 asserts
that the SelΣ0ρ4,3(Q)
∨ satisfies No-PN. Proposition 6.1 asserts that SelΣ0ρ4,3(Q)
∨ satisfies Fin-Proj.
These observations show that Y1 and Y2 satisfy No-PN and Fin-Proj. As for the remaining hy-
potheses we have that for every height two prime ideal Q containing ker(π) and in the support of
H0(GΣ,Dρ4,3)
∨, by Proposition 1.1 and Lemma 1.16, the local ring T [[Γ]]Q is regular. Note also
that the map π : T [[Γ]]→ R[[Γ]] is surjective.
Suppose ES holds. It can be rewritten as the following inequality of divisors in T [[Γ]]:
Div (Y1) ≥ Div(Y2)−Div(M).
Proposition 2.2 then gives us the following inequality of divisors in R[[Γ]]:
Div
(
R[[Γ]]
π(n)
)
+
∑
ν∈Σ0
Div
(
Loc(ν, ρ4,3)
∨
⊗T [[Γ]] R[[Γ]]
)
(62)
≥ Div
(
R[[Γ]]
π(d)
)
+Div
(
SelΣ0ρ4,3(Q)
∨
⊗T [[Γ]] R[[Γ]]
)
+Div
(
Tor
T [[Γ]]
1
(
R[[Γ]], H0(GΣ, Dρ4,3)
∨
))
−Div
(
H0(GΣ, Dπ◦ρ4,3)
∨
)
.
By Proposition 6.2, we have the following equality in the divisor group of R[[Γ]]:
Div
(
SelΣ0ρ4,3(Q)
∨
⊗T [[Γ]] R[[Γ]]
)
+Div
(
Tor
T [[Γ]]
1
(
R[[Γ]], H0(GΣ, Dρ4,3)
∨
))
= Div
(
SelΣ0π◦ρ4,3(Q)
∨
)
.(63)
For all ν ∈ Σ0, Proposition 6.7 gives us the following equality in the divisor group of R[[Γ]]:
Div
(
Loc(ν, ρ4,3)
∨ ⊗T [[Γ]] R[[Γ]]
)
= Div (Loc(ν, π ◦ ρ4,3)∨)(64)
Equation (6) in Theorem 3 now follows by combining equations (62), (63) and (64).
Now suppose that the divisor Div
(
SelΣ0ρ4,3(Q)
∨
)
−Div(M) generates a torsion element in T [[Γ]].
This implies that Div (Y2)−Div(M) also generates a torsion element in T [[Γ]]. Recall that, for each
ν ∈ Σ0, the divisor Div(Loc(ν, ρ4,3)∨) is principal (see Proposition 5.6). So, the divisor Div(Y1)
generates the trivial element in the divisor class group of T [[Γ]]. Proposition 2.4 and Remark 5 now
give us the last part of the theorem. This completes the proof.
Appendix A. Results from Commutative Algebra
Let R be an integrally closed local domain that is a finite integral extension of Zp[[u1, . . . , um]].
We shall say that a sequenceM1 → . . .→Mn of finitely generated R-modules is exact in dimension
one if for every height one prime ideal p of R, the following sequence of Rp-modules is exact:
(M1)p → · · · → (Mn)p
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Suppose we have an exact sequence C1 g1,2−−→ C2 g2,3−−→ C3 g3,4−−→ C4 → 0 of finitely generated R-modules
along with the following commutative diagram:
C1
u1

g1,2
// C2
u2

g2,3
// C3
u3

g3,4
// C4 //
u4

0
C1
g1,2
// C2
g2,3
// C3
g3,4
// C4 // 0
It is possible to split the diagram above into three commutative diagrams given below.
0 // ker(g1,2)

// C1

// Im(g1,2)

// 0, 0 // Im(g1,2)

// C2

// ker(g2,3)

// 0
0 // ker(g1,2) // C1 // Im(g1,2) // 0 0 // Im(g1,2) // C2 // ker(g2,3) // 0
0 // ker(g2,3) //

C3

// C4 //

0
0 // ker(g2,3) // C3 // C4 // 0,
If C1 is a torsion R-module, then ker(u1) is a pseudo-null R-module if and only if coker(u1) is
pseudo-null. A simple application of Nakayama’s Lemma tells us that a surjective endomorphism of
a finitely generated module over a Noetherian ring is in fact an isomorphism (see Proposition 1.2 in
[38]). Using these observations and by a careful diagram-chasing argument, we obtain the following
lemma:
Lemma A.1. Suppose C1 is a torsion R-module. Suppose also that either ker(u1) or coker(u1) is
pseudo-null. Then, the following sequence is exact in dimension one:
0→ ker(u2) g2,3−−→ ker(u3) g3,4−−→ ker(u4)→ coker(u2) g2,3−−→ coker(u3) g3,4−−→ coker(u4)→ 0
We shall say that a sequence Dn → · · · → D1 of discrete R-modules (whose Pontryagin duals
are finitely generated R-modules) is coexact in dimension one if the sequence D∨1 → · · · → D∨n of
finitely generated R-modules is exact in dimension one. Using an argument similar to the one given
above, we have the following lemma for discrete modules:
Lemma A.2. Suppose we have an exact sequence D1 g1,2−−→ D2 g2,3−−→ D3 g3,4−−→ D4 → 0 of discrete
R-modules (whose Pontryagin duals are finitely generated as R-modules) along with the following
commutative diagram:
D1
u1

g1,2
// D2
u2

g2,3
// D3
u3

g3,4
// D4 //
u4

0
D1
g1,2
// D2
g2,3
// D3
g3,4
// D4 // 0
Suppose further that the Pontryagin dual of D1 is a torsion R-module. Assume also that either the
Pontryagin dual of ker(u1) or the Pontryagin dual of coker(u1) is pseudo-null. Then, the following
sequence is coexact in dimension one:
0→ ker(u2) g2,3−−→ ker(u3) g3,4−−→ ker(u4)→ coker(u2) g2,3−−→ coker(u3) g3,4−−→ coker(u4)→ 0
Appendix B. A group theory lemma
For this final part of the appendix, we shall let R be a Noetherian domain. The ring R is not
assumed to be complete. Suppose G is a profinite group. LetM be a freeR-module with anR-linear
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action of G. For the purposes of brevity, we shall letMG denote the maximal quotient R-module of
M on which G acts trivially. Let H be an open subgroup of G. Let S be a multiplicative set in R.
Lemma B.1. Suppose that Q ⊂ S−1R. If S−1(MH) is a free S−1R-module, then so is S−1(MG).
Proof. The action of G on M extends naturally to one on S−1M since the action is R-linear. Let
M0 denote the R-submodule ofM generated by the elements of the form (g−1)m, as g varies over
all the elements of group G and m varies over all the elements of the module M. We observe that
we have the following isomorphisms:
MG ∼= MM0 , S
−1(MG) ∼= S
−1M
S−1M0
∼= (S−1M)G
This observation will allow us to assume, without loss of generality, that the set S equals the set of
units in R and that [G : H] is a unit in R. What we will now need to show is that if MH is a free
R-module, then so isMG . Consider the G-module IndGH
(
ResGHM
)
, which we will denote by N . We
also have a natural G-isomorphism NH ∼= IndGH
(
(ResGHM)H
)
, which lets us obtain the isomorphism
NG ∼= (NH)G ∼=
(
IndGH
(
ResGH(M)H
))
G
.(65)
The kernel of the natural map G → Aut(NH) contains H. The action of G on NH would thus factor
through a finite group, say ∆, of order dividing [G : H]. The hypothesis that ResGH(M)H is a free
R-module combined with Lemma 3.2.2 in [39] (which we view as an analog of Maschke’s theorem)
for the ring R[∆] and equation (65) lets us conclude that NG is a free R-module.
We shall now show thatM is a direct summand of N as an R[G]-module. This tells us thatMG
is a free R-module whenever NG is. This would complete the proof of the lemma. First observe
that the restriction functor ResGH is a left-adjoint to the Induction functor Ind
G
H (by Frobenius
reciprocity). Since the index [G : H] is finite, the induction of a module is also non-canonically
isomorphic to its co-induction. So one can view the restriction functor ResGH as a right-adjoint to
the Induction functor IndGH(by Hom-Tensor adjunction). This gives us the following isomorphisms:
HomG (M,N ) ∼=︸︷︷︸
Frobenius
Reciprocity
HomH
(
ResGHM, ResGHM
) ∼=︸︷︷︸
Hom-Tensor
adjunction
HomG (N ,M) .
The identity map in HomH
(
ResGHM, ResGHM
)
can be pulled back to a map i : M → N in
HomG (M,N ) along with a “splitting” map s : N → M in HomG (N ,M) . Tracing the isomor-
phisms, one gets that the composition s ◦ i equals the identity map. Thus, M is a direct summand
of N as an R[G]-module. The Lemma follows.

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